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This study focuses on providing criteria for stochastic stability of the zero solution and uniform boundedness
of solutions to a class of nonlinear Lienard stochastic differential equations with multiple bounded delays.
A Lyapunov —Krasovskii functional is constructed and employed as a tool to prove our results. By our
results, many stability and boundedness theorems of second order are improved on and are also generali-
zed. The credibility of our results is demonstrated by two numerical examples included.

BcranoBiieHO KpHUTEpii CTOXaCTUYHOI CTIMKOCTI HYJIbOBOT'O pO3B’SI3Ky Ta pIBHOMIPHOI 0OMEXKEHOCTI po3-
B’SI3KiB KJIACy HETIHIMHUX CTOXaCTUYHUX MudepeHIialbHuX piBHIHB JlieHapaa 3 KpaTHUMU 0OMeKeHUMU
3amizHeHHsIMH. [To6ymoBaHo ¢yHKITioHaT JIstmyHOBa — KpacoBChKOTO, SIKMiA BUKOPUCTOBYEThHCS SIK IHCTPY-
MEHT ISl MOBENEHHS IIIYKaHNX Pe3yIbTaTiB. 3a JOIOMOIOIO IIUX PE3YIbTAaTiB MOKPAILEHO Ta y3araJbHEeHO
6arato TeopeM Ipo CTINKICTh i1 0OMEKEHICTh APYTOro MOpsiaKy. JJOCTOBIpHICTh OTpUMaHUX Pe3yabTaTiB
IeMOHCTPYIOTh IBa HaBeIeHI YKMCIOBI IPHUKJIaIN.

1. Introduction. A differential equation involving a stochastic process is termed a stochastic
differential equations (SDE) and the solution of such equation is also a stochastic process. In this
work, we shall give attention to the study of stochastic stability (SS) and uniform boundedness
(UB) theorems of the following Lienard scalar SDE of type:

" +er(t)f(t,z,2")2" + ea(t)g(t,z,2)

n

+ Y ki(Ohi(z(t —ri(1))) + es(t, x(8))n/ (t) = m(t,z,2'), (1)
i=1
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4 ADETUNJI A. ADEYANJU, AYMAN M. MAHMOUD

where f,g,m € C(R+ X R xR,R), e3 € C(R+ x R,R), e1,ea, ki, 1 € C(R+,R), h; € C(R,R),
the delay term 7;(¢) is continuous such that 0 < r(t) = maxj<j<, 7i(t) < A, (A > 0, is a constant
whose value is to be specified later) and r}(¢) < k1, 0 < k1 < 1, and functions g(0) = h;(0) =0
for all 4 = 1,2,3,...,n. Lastly, we assumed that the functions contained in (1) satisfy local
Lipschitz condition in their respective arguments to have a unique global solution, R™ = [0, c0),
R = (—o0,+c0), n(t) € R is a standard Brownian motion and the ' denotes differentiation with
respect to time .

It is interesting to note that there have been many wonderful results on the qualitative study of
solutions of ordinary, stochastic and functional differential equations in the literature (see, e.g.,
[1—20]). Our findings also show that the second method of Lyapunov was employed in all of these
cited results. The main idea of this method depends on constructing an energy function which is
nonnegative everywhere save at the origin where it is zero while its derivative is negative semi-
definite. Having this function in place, one can easily discuss stability, boundedness and other
qualitative properties of any differential equation without solving the equation itself. Lienard
differential equations as well as other differential equations are generally useful in modeling
population growth, spread of diseases, prey and predator interaction, development of atomic
bomb and many other applications [21 —27].

A careful review of literature reveals that asymptotic stability property of zero solution to

2"(t) + az'(t) + bx(t — h) + oz(t)w'(t) = 0,

and
2 (t) + ax' (t) + f(x(t — h)) + ox(t — 7)o/ (t) = 0,

where h and 7 are fixed delay and w is the Wiener process, was proved in [1]. While in 2023,
Mahmoud et al. [13] used a Lyapunov — Krasovskii functional (LKF) to provide certain conditions
that ensure stability and boundedness of solution to

x"—&-qﬁ(t)f(x,x')x’—i—z:gz +sz z(t —7i(t))) + AV (t) :e(t,x,x'),
i=1

such that A is a positive constant, 7; are bounded delays and ¥ is a Brownian process. In another
recent article [28], the authors discussed SS and UB of solutions to

2" +g(z,2)x +Zb +Zfl (t—7))+ ft, 2)o' () = r(t, z, 2, x(t — 70), 2/ (t — 70)),

where 7 = maxo<i<n 7, t € [—7,0], and w(t) € R is a Brownian process. The results were
established using a LKF as a tool. This current research is motivated by the recent results in [13]
and [28] and our goal is to provide stability and boundedness criteria to a more general Lienard
equation (1).

2. Some definitions and basic results. Here, we introduce some definitions and standard
results relevant to the study. Without any misconception, we will write T'(¢, z(t)), Q(¢,z(t)),
O(t,z(t)) as I'(,), Q(,), O(,) respectively where necessary.

Let us consider the following general form of a scalar SDE:

dxz(t) =T(,)dt + Q(,))dA(t), 2)
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QUALITATIVE ANALYSIS OF SOLUTIONS TO LIENARD STOCHASTIC DIFFERENTIAL EQUATION... 5

defined for ¢t > ¢y and z(ty) = o, where both T'(,), Q(,): RT x R — R and A(¢) is the
one-dimensional Wiener (stochastic) process. Given that both I" and €2 are sufficiently smooth
enough such that (2) has a unique continuous solution on ¢ > 0 which is denoted z(t, z¢). Also,
if xo =0 and I'(¢,0) = Q(¢,0) = 0 for all ¢ > 0. Then (2) has a zero solution z(¢,0) = 0.

Definition 2.1. Suppose that A(t) is a standard Brownian motion on a probability space
(w,F,P) and let F = {F;}+>0 be the completion of the minimal filtration by null set. A strong
solution of the SDE (2) with initial condition zo € R is an adapted process x; = xz{° with
continuous paths such that for all t > 0,

z=x0+ [ I'()ds+ [ Q(,))dA(s) a.s.
[roe]

Definition 2.2. The zero solution of the SDE (2) is said to be stochastically stable or stable
in probability, if for every pair of € € (0,1) and d > 0, there exists a 5y = dyp(e,0) > 0 such that
Pr{|z(t;z(0))] < 0 Vt > 0} > 1 — €, whenever |x(0)| < do.

Definition 2.3. The zero solution of the SDE (2) is said to be uniformly stochastically
asymptotically stable, if it is stochastically stable and in addition if for every pair of e € (0,1) and
0 > 0, there exists a 5o > 0 such that Pr{lim;_, z(t;z(0)) = 0} > 1 —¢, whenever |z(0)| < do.

Definition 2.4. A solution x(t,x(0)) of the SDE (2) is said to be stochastically bounded or
bounded in probability if it satisfies

E*Oljz(t,2(0))|| < B(to, [lz(0)[I) V¢ > to, 3)

where E*() denotes the expectation operator with respect to the probability law associated with
2(0), B: Rt x R — R* is a constant depending on ty and z(0).

Definition 2.5. The solution x(ty, z(0)) of the SDE (2) is said to be uniformly stochastically
bounded, if B in (3) is independent of ty.

Let O(,) be a family of nonnegative continuous functions (Lyapunov functions) of ¢ > 0 and
x(t) € R, so that z(t) is a solution of (2). It is required that O(, ) be one time differentiable in ¢
and twice differentiable in x(¢). Thus, according to It6 formula, we have

dO(,) = LO(,)dt + O,(,)Q(, )dA(t), 4)

where
LO(,) = O(,) + O:()T(,) + 3 trace 07 ()02l )2, )], 5)

O, and O,, are respectively the first and second partial derivatives of ©(,) with respect to x.
Lemma 2.1 [29]. Let there be O(,) € CY?(Rt x R™,RT), and certain positive constants
q1, g2 and g3 so that:
(1) O(t,0) =0y
) au(ll]) < O0) < aallle]). a1 (u) = 0o as u— oo;
(i) LO(,) < —qs(|z[|) for all (t,).
Then the zero solution of (2) is uniformly stochastically asymptotically stable in the large.
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6 ADETUNJI A. ADEYANJU, AYMAN M. MAHMOUD

Assumption 2.1 [29, 30]. Let O(,) € CY2(Rt x R",R™), and assume that for any solution
x(to, xo) of (2) and any fixed 0 < ty < T < oo, we have

T
E‘TO{ @31(,)Q?k(,)dt}<oo, 1<i<n, 1<k<m. (6)
to

Assumption 2.2 [29, 30]. A particular case of the general inequality (6) is the following
condition. Assume that there exists a function p(t) such that

19,..() Qui(,)] <p(¥), (7
where x € R?, 1 <i <n, 1 <k <m, and for any fixed 0 <ty <T < o0,
T
/pz(t) dt < oo. 8)
to
Lemma 2.2 [29, 30]. Suppose that there exits a Lyapunov function ©(,) € C*? = (Rt xR",
R™T), satisfying Assumption 2.1, such that, for all (t,z(t)) € RT™ x R",
Q) D)l < O);
(i) LO(,) < —a@®)llz®)|* +¥(t);
where a,vp € C(RT,R"), j and k are positive constants, j > 1 and p is a nonnegative constant.
Then the solutions of (2) satisfy
t 1/5
— [} ale)ds — [fa(e)de
O(to, xp)e o + [ (pa(u) + (u))e™ Ju du vVt >ty. (9)

to

B0 (t, xo)|| <

Lemma 2.3 [29, 30]. Assume that there exist a Lyapunov function ©(,) € C1?(RT x R",
R™), satisfying Assumption 2.2, such that, for all (t,z(t)) € RT™ x R",

@ =@ <0() < J=@)*;

i) LO(,) < —a(®)z(t)€ + v(t);

(i) ©(,) — 6%*(,) < p,
where o, € C(RT,RY), j, k, and & are positive constants, j > 1 and p is a nonnegative
constant. Then the solutions of (2) satisfy inequality (9) for all t > t.

Corollary 2.1 [29, 30].

(i) Suppose that all the hypotheses of Lemma 2.2 hold and, in addition,
t
/(,uoz(u) +(u))e” Juele)de gy < B, (10)
to
for all t > ty > 0 and some positive constant B; then all solutions of (2) are stochastically
bounded.
(i) Again suppose that all the hypotheses of Lemma 2.3 hold and, in addition, if condition (10)

is satisfied, then all solutions of (2) are uniformly stochastically bounded.
For more details on this section, interested individual can check [1, 29].
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QUALITATIVE ANALYSIS OF SOLUTIONS TO LIENARD STOCHASTIC DIFFERENTIAL EQUATION... 7

3. Main results. Let us use 2’ = y to write (1) as

x' =y,
y = —e1(t)f(t,z,y)y — e2(t)g(t, x,y) — > Ki(t)hi(2)
i=0 (11)

/ u)du — e3(t, z(t))n'(t) + m(t, z,y).

t—r;(t)

From now on, we shall write f(¢,z,y), g(t,z,y), m(t,z,y) as f(.), g(.), m(.) respectively
for brevity.

Basic assumptions. Let &, ¢, a;, b, di, Bi, A\, K, K1,...,Kk7, a4, F;, and Ay be positive
constants such that:

1) b <ki(t) <a;, 0<EL(t) <Bi, 0<ri(t) <\ 0<ri(t) <k €(0,1);

(11) Ko < €1<t) < K3, kg4 < 62( ) < kg <1

(i) o < f() <, m7<g;)g5
. h; dhi
(v) 0< <tx)<n r #0;

(vi) |m(.)] g Ag.
Theorem 3.1. Further to assumptions (i) — (v) listed above, we have

1

. [ My M3
A< ——— 12
< Zé_l i mln{ f( Ml} (12)

where

M=¢—- [Cz(/ﬁg + H5) + H5§] > 0,

M, — (CP+&)(2—r1)+CE >0,

(1 — Hl)
Moy = 2¢E (Zbiai + I<L4I<L7> — 2(C2 + f) (Z’BZF’ + KJ2> — M¢ >0,

and

My = 2956 (¢ + &) — £(2¢ + M) > 0.

Then the trivial solution of (11) when m(.) = 0 is uniformly stochastically asymptotically stable.
Proof of Theorem 3.1 shall be established by using the LKF V (t) = V (¢, z(¢),y(t)) given by

x

2V(t) = (Ex+Cy)* + €y +2(C+¢) Zki(t)/hi(f) dr
=1 0

+Z% /0 / A)dA d, (13)

—r;(t) t+£

where (, £ are positive constants defined above and ~; > 0 are constants to be determined shortly.
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8 ADETUNJI A. ADEYANJU, AYMAN M. MAHMOUD

Proof. If z(t) = y(t) = 0, then V(0) = 0. Following the conditions of the theorem, we get

T

V) = (§x+<y>2+5y2+2(<2+§)kat)/hi(ﬂdf
=1 0

t

+Z% / / A)dA de

—r;(t) t+£

>y + (P +€))) bicia® > Ci{a® + ¢},
=1

Cy = min{g, (¢ +¢) Zbiaz}.

i=1

It is understood that the term with the double integrals in V'(¢) is not negative.
Also, by using

2luv| < u? +v?, (14)

we have

2V (t) <28%2% + 2% 2 + £P + (P +€) D aif ia?

~+

+§:% / /ﬁ )whw<cbhz+y}+A§: / y2(A)dA,

—ri(t) t+€ =04 i (t)

where

Cy = max{2§2 + (CQ +£) Z%Fi, 202 + C}

=1

Therefore,

Ci{z* +y*} < V() < 02{x2+y2}+AZ / Y2 (A) dA. (15)
=0

t—'l‘i(t)
From (15), we can conclude that for some positive constants p; and po, the LKF V (¢) satisfies
[z[[P* <V (t,z) < ||z (16)

We now use Itd formula to obtain the derivative of V'(¢) along (11) as given below:

LVs = ~CEea(t) 2 02 — [ ea(t) £) — €C — ea(t) SO + 3 i)y
=1

ISSN 1562-3076. Heniniiini koausannus, 2025, m. 28, Ne 1
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t—

t
(2 tE)ed Z% 1-i(0) [ ) du
T‘i(t)

T

n 3
+ (<2+£)Zk;(t)/hi(u) v+ b,
i=1 0 k=1

where

o=@~ (ccaro+am ) @+ ¢) o

62 = [C&o+ (o] Sokt) [ Hila()y(u) du,
i=1 b

't)

O3 = —C&x Y ki(t)h(a
i=1

From the conditions of the theorem and inequality (14), we obtain
1
o < S EM{a® +y},

where
M =¢—[(P(ks+r5) +r5€] >0 and ks < 1.

Also, from the conditions of the theorem and inequality (14), we get

t
02 < S A[CER 4 (C +6)? Zdaz c2+c5+52daz /
7i(

i=1 P

Similarly, we have from the conditions of the theorem

= —ggsz

Putting the estimates obtained for 6;, i = 1,2, 3, into (17), we have

szbaﬂré‘fez()ﬁ—*M{

=1

Lo < c&Zbaz

=1

LVg < —

AN i — (4O D ik~ (4 O
=1

i=1

(17)

- [<2e1<t>f<.> —E(C— 1D () — 5 ME= S NG+ D dios = D viri(0)| 42

i=1
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10 ADETUNJI A. ADEYANJU, AYMAN M. MAHMOUD

t
/ y2(s) ds
ri(

(C+¢+¢) Zdaz 22% 1—m]

=1 =1

1
"2
<—[<s§jbaz+cseg< )Q—fo

S IAEY i — (4 ) D ki~ (42|
=1 =1

- [<2e1<t>f<.> ~E(C— () — 5 ME— S A +6) D dias — D ()|
=1 =1

+%Z[(C2+C§+€)diai_2%(1—Hl)] / y2(s) ds.
ri(

=1 i)

Let us take
(C2 + ¢+ §)diai

= >0 Vi=1,...
PYZ 2(1_’£1) - 1 I 7n

It then implies that

LVs < [szbaﬂrCf@z( )ﬁ — fMg

=1

—SNED dia— (PO Y Bl (R |a?
=1

i=1

- [<2e1<t>f<.> £~ ealt) () — 5 M

2
C2 +§ Z dz Qj — - C 7—: f{:l_)g) Zl diai] y2.
(CC+E)(2—r)+¢E

> (0. Then we have
(1 — Hl)

Let us take M7 =

LVs < — |2¢e ; bio + 2ges(t) 2
2({2 +§) (Z ﬂiFi + H2> - Mf — ACdeZaZ] ac2
i=1 =1

-3 [24261(t)f( ) = 26(C — en(t) () — M — AMy Zdiai] 2

i=1
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QUALITATIVE ANALYSIS OF SOLUTIONS TO LIENARD STOCHASTIC DIFFERENTIAL EQUATION... 11
1 n n n
v —92(¢2 . 2 - — i | 22
< —2[2<s (Zlb o@mm) 2(¢*+¢) (;mzm ) M¢ AC&Z}dZaZ x
1= 1= 1=

2
Y
i=1

— % [2@56(& +8) =260 — ME— MMy day

1 - o 1 - 2
<-5 [Mg — )\szdiai] -5 [M3 — AM; Zdiai] Y

i=1 =1

where . .
My = 2¢ (Z bicvi + mm) ~2(¢* +¢) <Z Bil i + fez) — Mg>0
i=1 1=1
and
My = 2956 (¢ + &) — £(2¢ + M) > 0.
Then

LVg < —M4{272 + yQ}, (18)

provided ) satisfied (12) and M, is a positive constant.

Thus, from (15) and (18) we establish Theorem 3.1.

Theorem 3.2. Assuming that assumptions (i) — (vi) of Basic assumptions above hold. Then
solutions of (11) are uniformly stochastically bounded and provided inequality (12) hold.

Proof. We still rely on the LKF (13) to provide the proof. It has been shown earlier that (13)
satisfied (15). Hence, we can go ahead to obtain the derivative using Ito formula when m(.) # 0:

LVp = LVs + [¢C€x + (¢ + &) y]m(.), (19)

LV is as defined in (17). From the assumption (vi) under Basic assumptions, we have

[Cex + (P +&y]m() < |¢€x + (C+ &) y| Im()] < Cs(l2] + [yl),
where C3 = Agmax{(¢,¢? + ¢}. Therefore,
LVp < —My{a® + y*} + Cs(|z] + y])

M M.
= =S+ = (el - MG + (1wl - M) + MG

<T@} 40 (20)

where Cy = M, IC’%. By inequality (15), condition (i) of Lemma 2.10 is satisfied with j = p; = 2
and k& = py = 2. Also, the condition (ii) of Lemma 2.10 is satisfied by taking «(t) =

Y(t) = C4, and € = 2 in (20). Similarly, condition (iii) of Lemma 2.20 is realized with & = k
and p = 0. Furthermore, we show that inequality (10) of Corollary 2.11 holds as follows:

4
2 9

t t
2
/(ua(u) + P(u))e” Juol©)de gy = C4/€_JV£4 Jude gy < 2 _ % Vi >1t>0. (21)
My M2
to to
o o o . 202
Thus, inequality (10) is realized from inequality (21) with B = Sl > 0.
4
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12 ADETUNJI A. ADEYANJU, AYMAN M. MAHMOUD

Going further, we establish inequality (7) of Assumption A2.2 by using (13) as in

|, (t, () Quk(t, 2(t))] = |V, (¢, 2(8))Qun (t, 2(1)))|
< f"vliﬂl((élwl +(E+3)yl)

K((26C+ €+ ) + (€4 ) yP)

1
S5k
< Cs{2* +y*} = p(t), (22)

where C5 = % m(2§ C+E&+C 2). We also establish inequality (8) of Assumption 2.8 using (22) as

follows:

(2(t) + y2(t))2 dt < oo (23)

—
=
o
=
QU
~
Il
5}
O\ﬂ

for any specified 0 <ty < T < 0.
Finally, we conclude the proof of the theorem by showing inequality (9) of Lemma 2.9 in

what follows.

[ t 1/
B la(t,x0)l| < |V (0, zo)e” o % 4 / (pa(u) + (u))e™ fu @@ gy
L to
I 20, 11/2
= | Co(*(0),y(0) + ]\54} Vt > to > 0, (24)
L 4

M
where Cg = exp{—24 (t— to)}.
Since all the conditions of Lemma 2.10 and Corollary 2.11 have been satisfied, then the
solutions of (11) are uniformly stochastically bounded.

4. Example. We give two examples which are particular cases of (11) when n = 1.
Example 4.1 (stability). Consider the following particular case of (25) with m(.) = 0:

4 1
" —t /
+(2+0.1e =+ T
( )<5 t2+5+3:2+(a:/)2>

n 1 1 Az + 2x
—_— — x —
3 6+1¢2 2 + t2 + sin xa’

(3 - fﬂ) (3(a(t — (1) + sina(t — (1))

ISSN 1562-3076. Heniniiini koausanus, 2025, m. 28, Ne 1



QUALITATIVE ANALYSIS OF SOLUTIONS TO LIENARD STOCHASTIC DIFFERENTIAL EQUATION... 13

On letting 2’ = y in (25) we have

r_
r =Y,

4 1 11 2
= —(2+0.1eH)( - S (e (7 i
y'=-(2+0.1e7) st ersr2102)Y B 62 )\ e e sinay

t
3 L 3 i 3 L 3 d (20
31 (3z +sinz) + “11t / (3 + cosz(u))y(u) du
t7T1(t)
x /
—z— ———= )7 ().
(w 1+et2+x2)n()
From (26), we have these estimates:
. _ 1 1 1 1
(1) 2§€1(t):2+01€ t§21 and6§€§(t>)—3—6+t2 Sg,
.. es(t,x 1
ta)=2— ————and 0< 222 =1 — <1
(11) 63( ,.CL‘) T 1+€t2+l‘2 an = T 1+€t2+$2 <1,
h 5]
(i) h(z) = 32 +sinz, 3< M) 3 ST 40 < W) = 3+ cosa < 4,
X X
0.01 et
i t) = <0.01 and 7' (t) = ———= < 0.2
@iv) r(t) 1+671‘/_00 and /() (1—|—e*t)2_0 5,
4 4 1
- < f(.)= - <
W 5=s/0=5+55Er 2y St
. 2z g(.) 2
)=4 ——— —and4<——~+ =4+ ——— <
V) g() x+2—|—t2—|—sin$y ane == +2-|—752—|-sinscy_57
1 1
i) 2<ki(t)=3—— < dii(t) = —= <1
(vil) 2<k(t)=3 1_I_t_?)an 1(¢) A0S
. .. 1
Thus, from (i) —(vii) above we have kK = 1, k1 = 0.25, ko = 2, k3 = 2.1, kg = 6’ Ky = 3

4
Klﬁzg, 57:4, a1 =3, b1:2, d1:4, 51:17 ap =3, )\20.01,421,525,31’1(1/(1:4.
Hence,

M =& — [(*(ks + ks5) + ks€] =5 — [733+§] =5-41=09>0,
(CHY@-r)+CE (1+5)(2-025)+5 155
M= (1— 1) - 1-0.25 = s 2000070,
My = 2¢¢ (Z bic; + H4H7> -2(¢*+¢) <Z BiF i + /{2> — M¢
i=1 i=1
— 2(5) <6 + g) —2(6)(5) — 0.9(5) = % > 0.
Similarly,

M; = QHQKG(CZ _|_§) —£(2C+ M) =2(2) <§) (6) —5(2+0.9) = 1% > 0.

ISSN 1562-3076. Heniniiini koausannus, 2025, m. 28, Ne 1



14 ADETUNJI A. ADEYANJU, AYMAN M. MAHMOUD

Finally,

My M3}

1
A=00l < — min{, -3

Zi:l

1 . [13 728.5
= — ming —, ——
12 30° 7.5

< min{0.036,97.133} = 0.036,
0.01 < 0.036.

Conditions of Theorem 3.1 are met by this example. Hence, the trivial solution of (4.1) is
uniformly stochastically asymptotically stable.
Example 4.2 (boundedness). In addition to Example (4.1), let

_ 2+4sinz
24 (t+ax+y)?

m(.)

Then

m()| < = = Ao.

N W

Let us now estimate the values of the constants used in the proof of Theorem 3.2:
C3 = Ay max{(& 2+ §} = g max{5,6} =9,

1
M4 = = min{Mg — Af(dlal, M3 — )\Ml}

2
1(13 1550
= =02 0.01(5)(12),4.7— 0.01 [ —— ) ¢ = 0.
2{6 0.01(5)(12),4.7 — 0.0 ( — >} 0.783,
81
_oag—12 _
Cy= M;'Cf = s = 103.45,

Cs = 5 w260 +E+) = 5 (1(2(5) +6) =8,

Cs = exp{—]\g4 (t— to)} = exp{—0.3915(t — to)}.

Now, we show that all the conditions (18)—(24) in the proof of Theorem 3.2 are fulfilled by
Example 4.2:
LVg < —My{2* + y*} + Cs3(|z| + |y]) = —0.783{z” + y*} + 9(|=| + |y]),
t t
M,
/(,ua(u) + 1(u))e” Juol©)de gy = 103.45/6_24 Jude gy
to to

2Cy _ My 162

= 0% 964240 V>t
= € 0.7832 =10
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V.. (¢, 2() @i (t, 2(t))| < Cs{a® +y*} = 8{z? +y?} := p(t),

T T
/p2(t) dt = 64/(x2(t) +y2(1) % dt < 0o

for specified 0 <ty < T < oo.
Finally,

B lalt. )] < |Co(e(0020) + 57

_ [6—0.3915(15—150)—&-29.36 (22(0),42(0)) + 264.24} 1/2

< [(22(0),52(0)) + 264.24] /> vt > 15 > 0.

Consequently, solutions of Example 4.2 are uniformly stochastically bounded.

2.081 0.30
028
2.061 026
024
2.041

022
2.024 ‘ | 1 0.20
0.18

2 : i 2 X T T T T

0 2 4 6 8 t 0 2 4 6 I

Fig. 1. Showing the behaviour of functions e;(¢) and ez(¢) when ¢ € [0, 10].

0.010 0.25+
0.008 0.201
0.0061 0.151
0.004 1 0.101
0.0021 T 0.051
0 - . . 0 - ! -
-10 0 10 t -10 0 10
— ()

Fig. 2. The behaviour of functions r(¢) and 7’'(¢) when t € [—20, 20].
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7 B | | |
0.94 \ \ 1'
6 0.8 ——| |
5 ] 0.7/ | | |
4 7 0.61 : } }
3= I 0.51 | |
2 0.41- —
03 :
l | 02 X |
0 ol N_ ]
- ‘ S
1 T T -
10 -5 0 5 t 0 2 4 6 8 t

— k0

Fig. 3. The behaviour of functions & (t) for ¢ € [—10,10] and k}(¢) for ¢ € [0, 10].

40

e(t,x)

3.8

3.6

344

324

3.0

2.8
-20m -8n—-4m 0 4m 8x 12w 16 X

Fig. 4. The behaviour of functions @ when z € [—20m,207] and @ when ¢,z € [—10,10].

—xn
— (@)

0 1 2 3 4 5 t
Fig. 5. Trajectories of solutions z(¢) and y(t) for Example (4.2) when ¢ € [0, 6].

5. Conclusion. In this study, a class of second order nonlinear SDE with multiple delay
is considered. Necessary and sufficient assumptions for uniformly stochastically asymptotically
stable of the trivial solution and UB of all solutions of the equation are given using a newly
constructed Lyapunov functional. Examples are given to illustrate the credibility of our findings.
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