
DOI: 10.3842/nosc.v28i1.1496
UDC 517.9

QUALITATIVE ANALYSIS OF SOLUTIONS
TO LIENARD STOCHASTIC DIFFERENTIAL EQUATION
WITH MULTIPLE DELAYS

ЯКIСНИЙ АНАЛIЗ РОЗВ’ЯЗКIВ
СТОХАСТИЧНОГО ДИФЕРЕНЦIАЛЬНОГО РIВНЯННЯ ЛIЕНАРДА
З КРАТНИМИ ЗАПIЗНЕННЯМИ

Adetunji A. Adeyanju

Department of Mathematics
Federal University of Agriculture, Abeokuta, Nigeria
e-mail: adeyanjuaa@funaab.edu.ng, corresponding author

Ayman M. Mahmoud

Department of Mathematics, Faculty of Science
New Valley University, El-Khargah, Egypt
e-mail: ayman27@sci.nvu.edu.eg

This study focuses on providing criteria for stochastic stability of the zero solution and uniformboundedness
of solutions to a class of nonlinear Lienard stochastic differential equations with multiple bounded delays.
A Lyapunov –Krasovskii functional is constructed and employed as a tool to prove our results. By our
results, many stability and boundedness theorems of second order are improved on and are also generali-
zed. The credibility of our results is demonstrated by two numerical examples included.

Встановлено критерiї стохастичної стiйкостi нульового розв’язку та рiвномiрної обмеженостi роз-
в’язкiв класу нелiнiйних стохастичних диференцiальних рiвнянь Лiенарда з кратними обмеженими
запiзненнями. Побудовано функцiонал Ляпунова –Красовського, який використовується як iнстру-
мент для доведення шуканих результатiв. За допомогою цих результатiв покращено та узагальнено
багато теорем про стiйкiсть й обмеженiсть другого порядку. Достовiрнiсть отриманих результатiв
демонструють два наведенi числовi приклади.

1. Introduction. A differential equation involving a stochastic process is termed a stochastic
differential equations (SDE) and the solution of such equation is also a stochastic process. In this
work, we shall give attention to the study of stochastic stability (SS) and uniform boundedness
(UB) theorems of the following Lienard scalar SDE of type:

x\prime \prime + e1(t)f
\bigl( 
t, x, x\prime 

\bigr) 
x\prime + e2(t)g

\bigl( 
t, x, x\prime 

\bigr) 
+

n\sum 
i=1

ki(t)hi(x(t - ri(t))) + e3(t, x(t))\eta 
\prime (t) = m

\bigl( 
t, x, x\prime 

\bigr) 
, (1)
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where f, g,m \in C(\BbbR + \times \BbbR \times \BbbR ,\BbbR ), e3 \in C(\BbbR + \times \BbbR ,\BbbR ), e1, e2, ki, ri \in C(\BbbR +,\BbbR ), hi \in C(\BbbR ,\BbbR ),
the delay term ri(t) is continuous such that 0 \leq r(t) = max1\leq i\leq n ri(t) \leq \lambda , (\lambda > 0, is a constant
whose value is to be specified later) and r\prime i(t) \leq \kappa 1, 0 < \kappa 1 < 1, and functions g(0) = hi(0) = 0
for all i = 1, 2, 3, . . . , n. Lastly, we assumed that the functions contained in (1) satisfy local
Lipschitz condition in their respective arguments to have a unique global solution, \BbbR + = [0,\infty ),
\BbbR = ( - \infty ,+\infty ), \eta (t) \in \BbbR is a standard Brownian motion and the \prime denotes differentiation with
respect to time t.

It is interesting to note that there have been many wonderful results on the qualitative study of
solutions of ordinary, stochastic and functional differential equations in the literature (see, e.g.,
[1 – 20]). Our findings also show that the secondmethod of Lyapunovwas employed in all of these
cited results. The main idea of this method depends on constructing an energy function which is
nonnegative everywhere save at the origin where it is zero while its derivative is negative semi-
definite. Having this function in place, one can easily discuss stability, boundedness and other
qualitative properties of any differential equation without solving the equation itself. Lienard
differential equations as well as other differential equations are generally useful in modeling
population growth, spread of diseases, prey and predator interaction, development of atomic
bomb and many other applications [21 – 27].

A careful review of literature reveals that asymptotic stability property of zero solution to

x\prime \prime (t) + ax\prime (t) + bx(t - h) + \sigma x(t)\omega \prime (t) = 0,

and
x\prime \prime (t) + ax\prime (t) + f(x(t - h)) + \sigma x(t - \tau )\omega \prime (t) = 0,

where h and \tau are fixed delay and \omega is the Wiener process, was proved in [1]. While in 2023,
Mahmoud et al. [13] used a Lyapunov –Krasovskii functional (LKF) to provide certain conditions
that ensure stability and boundedness of solution to

x\prime \prime + \phi (t)f
\bigl( 
x, x\prime 

\bigr) 
x\prime +

n\sum 
i=1

gi(x) +
n\sum 

i=1

\psi i(t)hi(x(t - \tau i(t))) + \Delta \vargamma \prime (t) = e
\bigl( 
t, x, x\prime 

\bigr) 
,

such that \Delta is a positive constant, \tau i are bounded delays and \vargamma is a Brownian process. In another
recent article [28], the authors discussed SS and UB of solutions to

x\prime \prime +g
\bigl( 
x, x\prime 

\bigr) 
x\prime +

n\sum 
i=1

bi(t)hi(x)+
n\sum 

i=1

fi(x(t - \tau i))+f(t, x)\omega \prime (t) = r
\bigl( 
t, x, x\prime , x(t - \tau 0), x

\prime (t - \tau 0)
\bigr) 
,

where \tau = max0\leq i\leq n \tau i, t \in [ - \tau , 0], and \omega (t) \in \BbbR is a Brownian process. The results were
established using a LKF as a tool. This current research is motivated by the recent results in [13]
and [28] and our goal is to provide stability and boundedness criteria to a more general Lienard
equation (1).

2. Some definitions and basic results. Here, we introduce some definitions and standard
results relevant to the study. Without any misconception, we will write \Gamma (t, x(t)), \Omega (t, x(t)),
\Theta (t, x(t)) as \Gamma (, ), \Omega (, ), \Theta (, ) respectively where necessary.

Let us consider the following general form of a scalar SDE:

dx(t) = \Gamma (, )dt+\Omega (, ))d\Lambda (t), (2)
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defined for t \geq t0 and x(t0) = x0, where both \Gamma (, ), \Omega (, ) : \BbbR + \times \BbbR \rightarrow \BbbR and \Lambda (t) is the
one-dimensional Wiener (stochastic) process. Given that both \Gamma and \Omega are sufficiently smooth
enough such that (2) has a unique continuous solution on t \geq 0 which is denoted x(t, x0). Also,
if x0 = 0 and \Gamma (t, 0) = \Omega (t, 0) = 0 for all t \geq 0. Then (2) has a zero solution x(t, 0) \equiv 0.

Definition 2.1. Suppose that \Lambda (t) is a standard Brownian motion on a probability space
(\omega ,\scrF , P ) and let \BbbF = \{ \scrF t\} t\geq 0 be the completion of the minimal filtration by null set. A strong
solution of the SDE (2) with initial condition x0 \in \BbbR is an adapted process xt = xx0

t with
continuous paths such that for all t \geq 0,

xt = x0 +

t\int 
0

\Gamma (, ) ds+

t\int 
0

\Omega (, )) d\Lambda (s) a.s.

Definition 2.2. The zero solution of the SDE (2) is said to be stochastically stable or stable
in probability, if for every pair of \epsilon \in (0, 1) and \eth > 0, there exists a \delta 0 = \delta 0(\epsilon , \eth ) > 0 such that
Pr\{ | x(t;x(0))| < \eth \forall t \geq 0\} \geq 1 - \epsilon , whenever | x(0)| < \delta 0.

Definition 2.3. The zero solution of the SDE (2) is said to be uniformly stochastically
asymptotically stable, if it is stochastically stable and in addition if for every pair of \epsilon \in (0, 1) and
\eth > 0, there exists a \delta 0 > 0 such that Pr\{ limt\rightarrow \infty x(t;x(0)) = 0\} \geq 1 - \epsilon , whenever | x(0)| < \delta 0.

Definition 2.4. A solution x(t, x(0)) of the SDE (2) is said to be stochastically bounded or
bounded in probability if it satisfies

Ex(0)\| x(t, x(0))\| \leq B(t0, \| x(0)\| ) \forall t \geq t0, (3)

where Ex(0) denotes the expectation operator with respect to the probability law associated with
x(0), B : \BbbR + \times \BbbR + \rightarrow \BbbR + is a constant depending on t0 and x(0).

Definition 2.5. The solution x(t0, x(0)) of the SDE (2) is said to be uniformly stochastically
bounded, if B in (3) is independent of t0.

Let \Theta (, ) be a family of nonnegative continuous functions (Lyapunov functions) of t \geq 0 and
x(t) \in \BbbR , so that x(t) is a solution of (2). It is required that \Theta (, ) be one time differentiable in t
and twice differentiable in x(t). Thus, according to Itô formula, we have

d\Theta (, ) = L\Theta (, )dt+\Theta x(, )\Omega (, )d\Lambda (t), (4)

where

L\Theta (, ) = \Theta t(, ) + \Theta x(, )\Gamma (, ) +
1

2
trace

\bigl[ 
\Omega T (, )\Theta xx(, )\Omega (, )

\bigr] 
, (5)

\Theta x and \Theta xx are respectively the first and second partial derivatives of \Theta (, ) with respect to x.
Lemma 2.1 [29]. Let there be \Theta (, ) \in C1,2(\BbbR + \times \BbbR n,\BbbR +), and certain positive constants

q1, q2 and q3 so that:
(i) \Theta (t, 0) = 0;
(ii) q1(\| x\| ) \leq \Theta (, ) \leq q2(\| x\| ), q1(u) \rightarrow \infty as u\rightarrow \infty ;
(iii) L\Theta (, ) \leq  - q3(\| x\| ) for all (t, x).

Then the zero solution of (2) is uniformly stochastically asymptotically stable in the large.
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Assumption 2.1 [29, 30]. Let \Theta (, ) \in C1,2(\BbbR + \times \BbbR n,\BbbR +), and assume that for any solution
x(t0, x0) of (2) and any fixed 0 \leq t0 \leq T <\infty , we have

Ex0

\left\{   
T\int 

t0

\Theta 2
xi
(, )\Omega 2

ik(, ) dt

\right\}   <\infty , 1 \leq i \leq n, 1 \leq k \leq m. (6)

Assumption 2.2 [29, 30]. A particular case of the general inequality (6) is the following
condition. Assume that there exists a function p(t) such that

| \Theta xi
(, ) \Omega ik(, )| < p(t), (7)

where x \in \BbbR 2, 1 \leq i \leq n, 1 \leq k \leq m, and for any fixed 0 \leq t0 \leq T <\infty ,

T\int 
t0

p2(t) dt <\infty . (8)

Lemma 2.2 [29, 30]. Suppose that there exits a Lyapunov function \Theta (, ) \in C1,2 = (\BbbR +\times \BbbR n,
\BbbR +), satisfying Assumption 2.1, such that, for all (t, x(t)) \in \BbbR + \times \BbbR n,

(i) \| x(t)\| j \leq \Theta (, );
(ii) L\Theta (, ) \leq  - \alpha (t)\| x(t)\| k + \psi (t);
(iii) \Theta (, ) - \Theta k(, ) \leq \mu ,

where \alpha ,\psi \in C(\BbbR +,\BbbR +), j and k are positive constants, j \geq 1 and \mu is a nonnegative constant.
Then the solutions of (2) satisfy

Ex0\| x(t, x0)\| \leq 

\left[  \Theta (t0, x0)e
 - 

\int t
t0

\alpha (\varepsilon )d\varepsilon 
+

t\int 
t0

(\mu \alpha (u) + \psi (u))e - 
\int t
u \alpha (\varepsilon )d\varepsilon du

\right]  1/j

\forall t \geq t0. (9)

Lemma 2.3 [29, 30]. Assume that there exist a Lyapunov function \Theta (, ) \in C1,2(\BbbR + \times \BbbR n,
\BbbR +), satisfying Assumption 2.2, such that, for all (t, x(t)) \in \BbbR + \times \BbbR n,

(i) \| x(t)\| j \leq \Theta (, ) \leq \| x(t)\| k ;
(ii) L\Theta (, ) \leq  - \alpha (t)\| x(t)\| \xi + \psi (t);
(iii) \Theta (, ) - \Theta \xi /k(, ) \leq \mu ,

where \alpha ,\psi \in C(\BbbR +,\BbbR +), j, k, and \xi are positive constants, j \geq 1 and \mu is a nonnegative
constant. Then the solutions of (2) satisfy inequality (9) for all t \geq t0.

Corollary 2.1 [29, 30].
(i) Suppose that all the hypotheses of Lemma 2.2 hold and, in addition,

t\int 
t0

(\mu \alpha (u) + \psi (u))e - 
\int t
u \alpha (\varepsilon )d\varepsilon du \leq B, (10)

for all t \geq t0 \geq 0 and some positive constant B; then all solutions of (2) are stochastically
bounded.

(ii) Again suppose that all the hypotheses of Lemma 2.3 hold and, in addition, if condition (10)
is satisfied, then all solutions of (2) are uniformly stochastically bounded.

For more details on this section, interested individual can check [1, 29].
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3. Main results. Let us use x\prime = y to write (1) as
x\prime = y,

y\prime =  - e1(t)f(t, x, y)y  - e2(t)g(t, x, y) - 
n\sum 

i=0

ki(t)hi(x)

+

n\sum 
i=0

ki(t)

t\int 
t - ri(t)

h\prime i(x(u))y(u)du - e3(t, x(t))\eta 
\prime (t) +m(t, x, y).

(11)

From now on, we shall write f(t, x, y), g(t, x, y), m(t, x, y) as f(.), g(.), m(.) respectively
for brevity.

Basic assumptions. Let \xi , \zeta , ai, bi, di, \beta i, \lambda , \kappa , \kappa 1, . . . , \kappa 7, \alpha i, \digamma i, and \Delta 0 be positive
constants such that:

(i) bi \leq ki(t) \leq ai, 0 < k\prime i(t) \leq \beta i, 0 \leq ri(t) \leq \lambda , 0 \leq r\prime i(t) \leq \kappa 1 \in (0, 1) ;
(ii) \kappa 2 \leq e1(t) \leq \kappa 3, \kappa 4 \leq e2(t) \leq \kappa 5 < 1 ;
(iii) \kappa 6 \leq f(.) \leq \zeta , \kappa 7 \leq 

g(.)

x
\leq \xi ;

(iv) hi(0) = 0, \alpha i \leq 
hi(x)

x
\leq \digamma i, x \not = 0, 0 < h\prime i(x) =

dhi(x)

dx
\leq di ;

(v) 0 <
e3(t, x)

x
\leq \kappa , x \not = 0 ;

(vi) | m(.)| \leq \Delta 0.
Theorem 3.1. Further to assumptions (i) – (v) listed above, we have

\lambda <
1\sum n

i=1
diai

min

\biggl\{ 
M2

\xi \zeta 
,
M3

M1

\biggr\} 
, (12)

where
M = \xi  - 

\bigl[ 
\zeta 2(\kappa 3 + \kappa 5) + \kappa 5\xi 

\bigr] 
> 0,

M1 =

\bigl( 
\zeta 2 + \xi 

\bigr) 
(2 - \kappa 1) + \zeta \xi 

(1 - \kappa 1)
> 0,

M2 = 2\zeta \xi 

\Biggl( 
n\sum 

i=1

bi\alpha i + \kappa 4\kappa 7

\Biggr) 
 - 2
\bigl( 
\zeta 2 + \xi 

\bigr) \Biggl( n\sum 
i=1

\beta i\digamma i + \kappa 2

\Biggr) 
 - M\xi > 0,

and
M3 = 2\kappa 2\kappa 6

\bigl( 
\zeta 2 + \xi 

\bigr) 
 - \xi (2\zeta +M) > 0.

Then the trivial solution of (11) when m(.) \equiv 0 is uniformly stochastically asymptotically stable.
Proof of Theorem 3.1 shall be established by using the LKF V (t) = V (t, x(t), y(t)) given by

2V (t) = (\xi x+ \zeta y)2 + \xi y2 + 2
\bigl( 
\zeta 2 + \xi 

\bigr) n\sum 
i=1

ki(t)

x\int 
0

hi(\tau ) d\tau 

+

n\sum 
i=0

\gamma i

0\int 
 - ri(t)

t\int 
t+\ell 

y2(\Delta ) d\Delta d\ell , (13)

where \zeta , \xi are positive constants defined above and \gamma i > 0 are constants to be determined shortly.
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Proof. If x(t) = y(t) = 0, then V (0) = 0. Following the conditions of the theorem, we get

2V (t) = (\xi x+ \zeta y)2 + \xi y2 + 2
\bigl( 
\zeta 2 + \xi 

\bigr) n\sum 
i=1

ki(t)

x\int 
0

hi(\tau ) d\tau 

+
n\sum 

i=0

\gamma i

0\int 
 - ri(t)

t\int 
t+\ell 

y2(\Delta ) d\Delta d\ell 

\geq \xi y2 +
\bigl( 
\zeta 2 + \xi 

\bigr) n\sum 
i=1

bi\alpha i x
2 \geq C1

\bigl\{ 
x2 + y2

\bigr\} 
,

C1 = min

\Biggl\{ 
\xi ,
\bigl( 
\zeta 2 + \xi 

\bigr) n\sum 
i=1

bi\alpha i

\Biggr\} 
.

It is understood that the term with the double integrals in V (t) is not negative.
Also, by using

2| uv| \leq u2 + v2, (14)

we have

2V (t) \leq 2\xi 2 x2 + 2\zeta 2 y2 + \xi y2 +
\bigl( 
\zeta 2 + \xi 

\bigr) n\sum 
i=1

ai\digamma i x
2

+
n\sum 

i=0

\gamma i

0\int 
 - ri(t)

t\int 
t+\ell 

y2(\Delta ) d\Delta d\ell \leq C2

\bigl\{ 
x2 + y2

\bigr\} 
+ \lambda 

n\sum 
i=0

t\int 
t - ri(t)

y2(\Delta ) d\Delta ,

where

C2 = max

\Biggl\{ 
2\xi 2 +

\bigl( 
\zeta 2 + \xi 

\bigr) n\sum 
i=1

ai\digamma i, 2\zeta 
2 + \zeta 

\Biggr\} 
.

Therefore,

C1

\bigl\{ 
x2 + y2

\bigr\} 
\leq V (t) \leq C2

\bigl\{ 
x2 + y2

\bigr\} 
+ \lambda 

n\sum 
i=0

t\int 
t - ri(t)

y2(\Delta ) d\Delta . (15)

From (15), we can conclude that for some positive constants p1 and p2, the LKF V (t) satisfies

\| x\| p1 \leq V (t, x) \leq \| x\| p2 . (16)

We now use Itô formula to obtain the derivative of V (t) along (11) as given below:

LVS =  - \zeta \xi e2(t)
g(.)

x
x2  - 

\bigl[ 
\zeta 2 e1(t) f(.) - \xi (\zeta  - e1(t) f(.))

\bigr] 
y2 +

n\sum 
i=1

\gamma iri(t)y
2
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+
\bigl( 
\zeta 2 + \xi 

\bigr) 
e23(t, x(t)) - 

n\sum 
i=1

\gamma i(1 - \.ri(t))

t\int 
t - ri(t)

y2(u) du

+
\bigl( 
\zeta 2 + \xi 

\bigr) n\sum 
i=1

k\prime i(t)

x\int 
0

hi(\nu ) d\nu +
3\sum 

k=1

\theta k, (17)

where

\theta 1 =

\biggl[ 
\xi 2  - 

\biggl( 
\xi \zeta e1(t)f(.) + e2(t)

g(.)

x

\bigl( 
\zeta 2 + \xi 

\bigr) \biggr) \biggr] 
xy,

\theta 2 =
\bigl[ 
\zeta \xi x+

\bigl( 
\zeta 2 + \xi 

\bigr) 
y
\bigr] n\sum 
i=1

ki(t)

t\int 
t - ri(t)

h\prime i(x(u))y(u) du,

\theta 3 =  - \zeta \xi x
n\sum 

i=1

ki(t)hi(x).

From the conditions of the theorem and inequality (14), we obtain

\theta 1 \leq 
1

2
\xi M
\bigl\{ 
x2 + y2

\bigr\} 
,

where
M = \xi  - 

\bigl[ 
\zeta 2(\kappa 3 + \kappa 5) + \kappa 5\xi 

\bigr] 
> 0 and \kappa 5 < 1.

Also, from the conditions of the theorem and inequality (14), we get

\theta 2 \leq 
1

2
\lambda 
\bigl[ 
\zeta \xi x2 +

\bigl( 
\zeta 2 + \xi 

\bigr) 
y2
\bigr] n\sum 
i=1

di ai +
1

2

\bigl[ 
\zeta 2 + \zeta \xi + \xi 

\bigr] n\sum 
i=1

diai

t\int 
t - ri(t)

y2(s) ds.

Similarly, we have from the conditions of the theorem

\theta 3 =  - \zeta \xi x
n\sum 

i=1

ki(t)
hi(x)

x
x \leq  - \zeta \xi 

n\sum 
i=1

bi\alpha ix
2.

Putting the estimates obtained for \theta i, i = 1, 2, 3, into (17), we have

LVS \leq  - 

\Biggl[ 
\zeta \xi 

n\sum 
i=1

bi\alpha i + \zeta \xi e2(t)
g(.)

x
 - 1

2
M\xi 

 - 1

2
\lambda \zeta \xi 

n\sum 
i=1

diai  - 
\bigl( 
\zeta 2 + \xi 

\bigr) n\sum 
i=1

\beta i\digamma i  - 
\bigl( 
\zeta 2 + \xi 

\bigr) 
\kappa 2

\Biggr] 
x2

 - 

\Biggl[ 
\zeta 2e1(t)f(.) - \xi (\zeta  - e1(t)f(.)) - 

1

2
M\xi  - 1

2
\lambda 
\bigl( 
\zeta 2 + \xi 

\bigr) n\sum 
i=1

diai  - 
n\sum 

i=1

\gamma iri(t)

\Biggr] 
y2
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10 ADETUNJI A. ADEYANJU, AYMANM. MAHMOUD

+
1

2

\Biggl[ \bigl( 
\zeta 2 + \zeta \xi + \xi 

\bigr) n\sum 
i=1

diai  - 2

n\sum 
i=1

\gamma i(1 - \kappa 1)

\Biggr] t\int 
t - ri(t)

y2(s) ds

\leq  - 

\Biggl[ 
\zeta \xi 

n\sum 
i=1

bi\alpha i + \zeta \xi e2(t)
g(.)

x
 - 1

2
M\xi 

 - 1

2
\lambda \zeta \xi 

n\sum 
i=1

diai  - 
\bigl( 
\zeta 2 + \xi 

\bigr) n\sum 
i=1

\beta i\digamma i  - 
\bigl( 
\zeta 2 + \xi 

\bigr) 
\kappa 2

\Biggr] 
x2

 - 

\Biggl[ 
\zeta 2e1(t)f(.) - \xi (\zeta  - e1(t)f(.)) - 

1

2
M\xi  - 1

2
\lambda 
\bigl( 
\zeta 2 + \xi 

\bigr) n\sum 
i=1

diai  - 
n\sum 

i=1

\gamma iri(t)

\Biggr] 
y2

+
1

2

n\sum 
i=1

\bigl[ \bigl( 
\zeta 2 + \zeta \xi + \xi 

\bigr) 
diai  - 2\gamma i(1 - \kappa 1)

\bigr] t\int 
t - ri(t)

y2(s) ds.

Let us take
\gamma i =

\bigl( 
\zeta 2 + \zeta \xi + \xi 

\bigr) 
diai

2(1 - \kappa 1)
\geq 0 \forall i = 1, . . . , n.

It then implies that

LVS \leq  - 

\Biggl[ 
\zeta \xi 

n\sum 
i=1

bi\alpha i + \zeta \xi e2(t)
g(.)

x
 - 1

2
M\xi 

 - 1

2
\lambda \zeta \xi 

n\sum 
i=1

diai  - 
\bigl( 
\zeta 2 + \xi 

\bigr) n\sum 
i=1

\beta i\digamma i  - 
\bigl( 
\zeta 2 + \xi 

\bigr) 
\kappa 2

\Biggr] 
x2

 - 

\Biggl[ 
\zeta 2e1(t)f(.) - \xi (\zeta  - e1(t)f(.)) - 

1

2
M\xi 

 - 1

2
\lambda 
\bigl( 
\zeta 2 + \xi 

\bigr) n\sum 
i=1

diai  - 
\bigl( 
\zeta 2 + \zeta \xi + \xi 

\bigr) 
2(1 - \kappa 1)

\lambda 
n\sum 

i=1

diai

\Biggr] 
y2.

Let us take M1 =

\bigl( 
\zeta 2 + \xi 

\bigr) 
(2 - \kappa 1) + \zeta \xi 

(1 - \kappa 1)
> 0. Then we have

LVS \leq  - 1

2

\Biggl[ 
2\zeta \xi 

n\sum 
i=1

bi\alpha i + 2\zeta \xi e2(t)
g(.)

x

 - 2
\bigl( 
\zeta 2 + \xi 

\bigr) \Biggl( n\sum 
i=1

\beta i\digamma i + \kappa 2

\Biggr) 
 - M\xi  - \lambda \zeta \xi 

n\sum 
i=1

diai

\Biggr] 
x2

 - 1

2

\Biggl[ 
2\zeta 2e1(t)f(.) - 2\xi (\zeta  - e1(t)f(.)) - M\xi  - \lambda M1

n\sum 
i=1

diai

\Biggr] 
y2
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\leq  - 1

2

\Biggl[ 
2\zeta \xi 

\Biggl( 
n\sum 

i=1

bi \alpha i + \kappa 4\kappa 7

\Biggr) 
 - 2
\bigl( 
\zeta 2 + \xi 

\bigr) \Biggl( n\sum 
i=1

\beta i\digamma i + \kappa 2

\Biggr) 
 - M\xi  - \lambda \zeta \xi 

n\sum 
i=1

diai

\Biggr] 
x2

 - 1

2

\Biggl[ 
2\kappa 2\kappa 6

\bigl( 
\zeta 2 + \xi 

\bigr) 
 - 2\xi \zeta  - M\xi  - \lambda M1

n\sum 
i=1

diai

\Biggr] 
y2

\leq  - 1

2

\Biggl[ 
M2  - \lambda \zeta \xi 

n\sum 
i=1

diai

\Biggr] 
x2  - 1

2

\Biggl[ 
M3  - \lambda M1

n\sum 
i=1

diai

\Biggr] 
y2,

where

M2 = 2\zeta \xi 

\Biggl( 
n\sum 

i=1

bi\alpha i + \kappa 4\kappa 7

\Biggr) 
 - 2
\bigl( 
\zeta 2 + \xi 

\bigr) \Biggl( n\sum 
i=1

\beta i\digamma i + \kappa 2

\Biggr) 
 - M\xi > 0

and
M3 = 2\kappa 2\kappa 6

\bigl( 
\zeta 2 + \xi 

\bigr) 
 - \xi (2\zeta +M) > 0.

Then
LVS \leq  - M4

\bigl\{ 
x2 + y2

\bigr\} 
, (18)

provided \lambda satisfied (12) and M4 is a positive constant.
Thus, from (15) and (18) we establish Theorem 3.1.
Theorem 3.2. Assuming that assumptions (i) – (vi) of Basic assumptions above hold. Then

solutions of (11) are uniformly stochastically bounded and provided inequality (12) hold.
Proof. We still rely on the LKF (13) to provide the proof. It has been shown earlier that (13)

satisfied (15). Hence, we can go ahead to obtain the derivative using Ito formula when m(.) \not = 0 :
LVB = LVS +

\bigl[ 
\zeta \xi x+

\bigl( 
\zeta 2 + \xi 

\bigr) 
y
\bigr] 
m(.), (19)

LVS is as defined in (17). From the assumption (vi) under Basic assumptions, we have\bigl[ 
\zeta \xi x+

\bigl( 
\zeta 2 + \xi 

\bigr) 
y
\bigr] 
m(.) \leq 

\bigm| \bigm| \zeta \xi x+
\bigl( 
\zeta 2 + \xi 

\bigr) 
y
\bigm| \bigm| | m(.)| \leq C3(| x| + | y| ),

where C3 = \Delta 0max
\bigl\{ 
\zeta \xi , \zeta 2 + \xi 

\bigr\} 
. Therefore,

LVB \leq  - M4

\bigl\{ 
x2 + y2

\bigr\} 
+ C3(| x| + | y| )

=  - M4

2

\bigl\{ 
x2 + y2

\bigr\} 
 - M4

2

\Bigl( \bigl( 
| x|  - M - 1

4 C3

\bigr) 2
+
\bigl( 
| y|  - M - 1

4 C3

\bigr) 2\Bigr) 
+M - 1

4 C2
3

\leq  - M4

2

\bigl\{ 
x2 + y2

\bigr\} 
+ C4, (20)

where C4 =M - 1
4 C2

3 . By inequality (15), condition (i) of Lemma 2.10 is satisfied with j = p1 = 2

and k = p2 = 2. Also, the condition (ii) of Lemma 2.10 is satisfied by taking \alpha (t) =
M4

2
,

\psi (t) = C4, and \xi = 2 in (20). Similarly, condition (iii) of Lemma 2.20 is realized with \xi = k = 2
and \mu = 0. Furthermore, we show that inequality (10) of Corollary 2.11 holds as follows:

t\int 
t0

(\mu \alpha (u) + \psi (u))e - 
\int t
u \alpha (\varepsilon )d\varepsilon du = C4

t\int 
t0

e - 
M4
2

\int t
u d\varepsilon du \leq 2C4

M4
=

2C2
3

M2
4

\forall t \geq t0 \geq 0. (21)

Thus, inequality (10) is realized from inequality (21) with B =
2C2

3

M2
4

> 0.
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Going further, we establish inequality (7) of Assumption A2.2 by using (13) as in\bigm| \bigm| \Theta xi
(t, x(t))\Omega ik(t, x(t))

\bigm| \bigm| = | Vxi
(t, x(t))\Omega ik(t, x(t))| 

\leq \kappa | x| 
\bigl( 
\zeta \xi | x| +

\bigl( 
\xi + \zeta 2

\bigr) 
| y| 
\bigr) 

\leq 1

2
\kappa 
\bigl( \bigl( 
2\xi \zeta + \xi + \zeta 2

\bigr) 
x2 +

\bigl( 
\xi + \zeta 2

\bigr) 
y2
\bigr) 

\leq C5

\bigl\{ 
x2 + y2

\bigr\} 
:= p(t), (22)

where C5 =
1

2
\kappa 
\bigl( 
2\xi \zeta + \xi + \zeta 2

\bigr) 
. We also establish inequality (8) of Assumption 2.8 using (22) as

follows:

T\int 
t0

p2(t) dt = C2
5

T\int 
t0

\bigl( 
x2(t) + y2(t)

\bigr) 2
dt <\infty (23)

for any specified 0 \leq t0 \leq T <\infty .

Finally, we conclude the proof of the theorem by showing inequality (9) of Lemma 2.9 in
what follows.

Ex0\| x(t, x0)\| \leq 

\left[  V (t0, x0)e
 - 

\int t
t0

\alpha (\varepsilon )d\varepsilon 
+

t\int 
t0

(\mu \alpha (u) + \psi (u))e - 
\int t
u \alpha (\varepsilon )d\varepsilon du

\right]  1/j

=

\biggl[ 
C6

\bigl( 
x2(0), y2(0)

\bigr) 
+

2C4

M4

\biggr] 1/2
\forall t \geq t0 \geq 0, (24)

where C6 = exp

\biggl\{ 
 - M4

2
(t - t0)

\biggr\} 
.

Since all the conditions of Lemma 2.10 and Corollary 2.11 have been satisfied, then the
solutions of (11) are uniformly stochastically bounded.

4. Example. We give two examples which are particular cases of (11) when n = 1.

Example 4.1 (stability). Consider the following particular case of (25) with m(.) = 0 :

x\prime \prime +
\bigl( 
2 + 0.1e - t

\bigr) \biggl( 4

5
+

1

t2 + 5 + x2 + (x\prime )2

\biggr) 
x\prime 

+

\biggl( 
1

3
 - 1

6 + t2

\biggr) \biggl( 
4x+

2x

2 + t2 + sinxx\prime 

\biggr) 

+

\biggl( 
3 - 1

1 + t

\biggr) 
(3(x(t - r1(t))) + sinx(t - r1(t)))

+

\biggl( 
x - x

1 + et2 + x2

\biggr) 
\eta \prime (t) = 0. (25)
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On letting x\prime = y in (25) we have

x\prime = y,

y\prime =  - 
\bigl( 
2 + 0.1e - t

\bigr) \biggl( 4

5
+

1

t2 + 5 + x2 + y2

\biggr) 
y  - 

\biggl( 
1

3
 - 1

6 + t2

\biggr) \biggl( 
4x+

2x

2 + t2 + sinxy

\biggr) 

 - 
\biggl( 
3 - 1

1 + t

\biggr) 
(3x+ sinx) +

\biggl( 
3 - 1

1 + t

\biggr) t\int 
t - r1(t)

(3 + cosx(u))y(u) du

 - 
\biggl( 
x - x

1 + et2 + x2

\biggr) 
\eta \prime (t).

(26)

From (26), we have these estimates:
(i) 2 \leq e1(t) = 2 + 0.1e - t \leq 2.1 and 1

6
\leq e2(t) =

1

3
 - 1

6 + t2
\leq 1

3
,

(ii) e3(t, x) = x - x

1 + et2 + x2
and 0 \leq e3(t, x)

x
= 1 - 1

1 + et2 + x2
< 1,

(iii) h(x) = 3x+ sinx, 3 \leq h(x)

x
= 3 +

sinx

x
\leq 4, and 0 < h\prime (x) = 3 + cosx \leq 4,

(iv) r(t) =
0.01

1 + e - t
\leq 0.01 and r\prime (t) = e - t

(1 + e - t)2
\leq 0.25,

(v) 4

5
\leq f(.) =

4

5
+

1

5 + t2 + x2 + y2
\leq 1,

(vi) g(.) = 4x+
2x

2 + t2 + sinxy
and 4 \leq g(.)

x
= 4 +

2

2 + t2 + sinxy
\leq 5,

(vii) 2 \leq k1(t) = 3 - 1

1 + t
\leq 3 and k\prime 1(t) =

1

(1 + t)2
\leq 1.

Thus, from (i) – (vii) above we have \kappa = 1, \kappa 1 = 0.25, \kappa 2 = 2, \kappa 3 = 2.1, \kappa 4 =
1

6
, \kappa 5 =

1

3
,

\kappa 6 =
4

5
, \kappa 7 = 4, a1 = 3, b1 = 2, d1 = 4, \beta 1 = 1, \alpha 1 = 3, \lambda = 0.01, \zeta = 1, \xi = 5, and \digamma 1 = 4.

Hence,

M = \xi  - 
\bigl[ 
\zeta 2(\kappa 3 + \kappa 5) + \kappa 5\xi 

\bigr] 
= 5 - 

\biggl[ 
7.3

3
+

5

3

\biggr] 
= 5 - 4.1 = 0.9 > 0,

M1 =

\bigl( 
\zeta 2 + \xi 

\bigr) 
(2 - \kappa 1) + \zeta \xi 

(1 - \kappa 1)
=

(1 + 5)(2 - 0.25) + 5

1 - 0.25
=

15.5

0.75
= 20.6667 > 0,

M2 = 2\zeta \xi 

\Biggl( 
n\sum 

i=1

bi\alpha i + \kappa 4\kappa 7

\Biggr) 
 - 2
\bigl( 
\zeta 2 + \xi 

\bigr) \Biggl( n\sum 
i=1

\beta i\digamma i + \kappa 2

\Biggr) 
 - M\xi 

= 2(5)

\biggl( 
6 +

2

3

\biggr) 
 - 2(6)(5) - 0.9(5) =

13

6
> 0.

Similarly,

M3 = 2\kappa 2\kappa 6
\bigl( 
\zeta 2 + \xi 

\bigr) 
 - \xi (2\zeta +M) = 2(2)

\biggl( 
4

5

\biggr) 
(6) - 5(2 + 0.9) =

47

10
> 0.
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Finally,

\lambda = 0.01 <
1\sum n

i=1
diai

min

\biggl\{ 
M2

\xi \zeta 
,
M3

M1

\biggr\} 

=
1

12
min

\biggl\{ 
13

30
,
728.5

7.5

\biggr\} 
< min\{ 0.036, 97.133\} = 0.036,

0.01 < 0.036.

Conditions of Theorem 3.1 are met by this example. Hence, the trivial solution of (4.1) is
uniformly stochastically asymptotically stable.

Example 4.2 (boundedness). In addition to Example (4.1), let

m(.) =
2 + sinx

2 + (t+ x+ y)2
.

Then
| m(.)| \leq 3

2
= \Delta 0.

Let us now estimate the values of the constants used in the proof of Theorem 3.2:

C3 = \Delta 0max
\bigl\{ 
\zeta \xi , \zeta 2 + \xi 

\bigr\} 
=

3

2
max\{ 5, 6\} = 9,

M4 =
1

2
min\{ M2  - \lambda \xi \zeta d1a1,M3  - \lambda M1\} 

=
1

2

\biggl\{ 
13

6
 - 0.01(5)(12), 4.7 - 0.01

\biggl( 
1550

75

\biggr) \biggr\} 
= 0.783,

C4 =M - 1
4 C2

3 =
81

0.783
= 103.45,

C5 =
1

2
\kappa 
\bigl( 
2\xi \zeta + \xi + \zeta 2

\bigr) 
=

1

2
(1)(2(5) + 6) = 8,

C6 = exp

\biggl\{ 
 - M4

2
(t - t0)

\biggr\} 
= exp\{  - 0.3915(t - t0)\} .

Now, we show that all the conditions (18) – (24) in the proof of Theorem 3.2 are fulfilled by
Example 4.2:

LVB \leq  - M4

\bigl\{ 
x2 + y2

\bigr\} 
+ C3(| x| + | y| ) =  - 0.783

\bigl\{ 
x2 + y2

\bigr\} 
+ 9(| x| + | y| ),

t\int 
t0

(\mu \alpha (u) + \psi (u))e - 
\int t
u \alpha (\varepsilon )d\varepsilon du = 103.45

t\int 
t0

e - 
M4
2

\int t
u d\varepsilon du

\leq 2C4

M4
e - 

M4
2 =

162

0.7832
= 264.24 > 0 \forall t \geq t0,
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(t, x(t))\Phi ik(t, x(t))

\bigm| \bigm| \leq C5

\bigl\{ 
x2 + y2

\bigr\} 
= 8
\bigl\{ 
x2 + y2

\bigr\} 
:= p(t),

T\int 
t0

p2(t) dt = 64

T\int 
t0

\bigl( 
x2(t) + y2(t)

\bigr) 2
dt <\infty 

for specified 0 \leq t0 \leq T <\infty .

Finally,

Ex0\| x(t, x0)\| \leq 
\biggl[ 
C6

\bigl( 
x2(0), y2(0)

\bigr) 
+

2C4

M4

\biggr] 1/2
=
\Bigl[ 
e - 0.3915(t - t0)+29.36

\bigl( 
x2(0), y2(0)

\bigr) 
+ 264.24

\Bigr] 1/2
\leq 
\bigl[ \bigl( 
x2(0), y2(0)

\bigr) 
+ 264.24

\bigr] 1/2 \forall t \geq t0 \geq 0.

Consequently, solutions of Example 4.2 are uniformly stochastically bounded.

0.18

0.20

0.22

0.24

0.26

0.28

0.30

0.32

0 2 4 6 8 t
e1(t) e2(t)

0 2
2

2.02

2.04

2.06

2.08

2.10

4 6 8 t

Fig. 1. Showing the behaviour of functions e1(t) and e2(t) when t \in [0, 10].

0
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0.20

0.25

–10 10 t0–10 10 t

0.002

0

0.004

0.006

0.008

0.010

r(t) ŕ(t)

Fig. 2. The behaviour of functions r(t) and r\prime (t) when t \in [ - 20, 20].
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t0 2 4 6 8
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0.8
0.9
1.0 

0

1
2
3

4
5
6

7

–10 –5 0 5 t
–1

k1(t) ḱ2(t)

Fig. 3. The behaviour of functions k1(t) for t \in [ - 10, 10] and k\prime 
1(t) for t \in [0, 10].
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e3(t, x)
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Fig. 4. The behaviour of functions h(x)

x
when x \in [ - 20\pi , 20\pi ] and e3(t, x)

x
when t, x \in [ - 10, 10].
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0 1 2 3 4 5 t

x(
t),
 y
(t)

x(t)
y(t)

2

4

6

8

Fig. 5. Trajectories of solutions x(t) and y(t) for Example (4.2) when t \in [0, 6].

5. Conclusion. In this study, a class of second order nonlinear SDE with multiple delay
is considered. Necessary and sufficient assumptions for uniformly stochastically asymptotically
stable of the trivial solution and UB of all solutions of the equation are given using a newly
constructed Lyapunov functional. Examples are given to illustrate the credibility of our findings.
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