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We present the extension of the two-point boundary problem in the case where the problem doesn’t always
have a unique solution or the condition on boundary coefficients described in [Linear stochastic differential
equations with boundary conditions, Probab. Th. Rel. Fields, 82, 489-526 (1989)] is not satisfied.

Hasenmeno posipeHHs IBOTOYKOBOI KpaifoBOi 3amaui y BAMAIKY, KOJIU 3afada He 3aBXIM Mac ¢IuHUI
PO3B’ 130K 260 KoM yMOBa Ha TpaHWYHi KoedirienTn, onvicana B [Linear stochastic differential equations
with boundary conditions, Probab. Th. Rel. Fields, 82, 489526 (1989)], He BUKOHYEThCHI.

This paper deals with methods of analysing of solutions of two-point boundary-value problem for
systems of linear stochastic differential equations. The cases when the boundary-value problem
is not always solved and doesn’t always have a unique solution were investigated.
Boundary-value problem for linear stochastic differential equations were studied by many
authors. Some of them are Nikoukhah, Willsky & Levy [1], Kwakernaak [2], Mashkov, Fedchenko
and Prigarin [3], Alabert and Ferrante [4], Mashkov [5] used pseudo-inverse matrices theory in
order to derive the sufficient conditions for the existence of solution stochastic system for Gaussian
case and initial condition. Nualart and Pardoux [6] developed an extended stochastic calculus
for generalized Stratonovich integral and for Skorohod integral, Ocone and Pardoux [7] used
generalized Stratonovich integral for two-point boundary-value problem for non-Gaussian case.
This study presents the extension of two-point boundary problem in the case when the problem
doesn’t always have a unique solution or when condition on boundary coefficients described in
[7] is not hold. Results are based on the methods developed by Boichuk and Samoilenko [8]. As in

Ocone and Pardoux [7] it is also considering generalized Stratonovich integral / f(s,Wg)odW,;

in order to work with functions that anticipate the driving Wiener process. Consequently, this
allows us to build two-point boundary-value problem.

Let us give some definitions:

Definition 1. The filtration generated stochastic process X is the family of o -algebras {.7-" X |

t >0}, where 7 = O'(Us<t0'( )) Each F{X is a o-algebra, and if s < t, then FX C Fj~.
A family of o -algebras with this property is called filtration.
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Definition 2. A stochastic process X is called adapted (non-anticipative) to filtration {F; |
t > 0}, if, for all t > 0, X(t) is F;-measurable. Value X (t) can be determined by the
“information available at time t”.

For all details about generalized Stratonovich integral and why it is suitable for two-point
boundary-value problem we refer to [7].

Presentation of the problem. Let W, ¢t € [0, 1], denote a Brownian motion defined on the
space (2, F;, P). F; is the filtration of W;. We study the solvability problem of the following
equations on [0, 1]:

k
dXy = (AX; + a(t)) dt + Y (BiXe + bi(t)) 0 W, (1.1)
i=1
FoXo+ F1 X1 = f, (1.2)
where A, Bi,..., By, Fo, F1 are (d x d)-dimensional matrices, f is a d-dimensional random
vector defined on (2, F'), a,by,...,b; are d-dimensional processes.

In the case where B; = 0, b;(¢) is constant, for all ¢ and a(¢) = 0, then (1.1) is of Gaussian
type, and it is not necessary to use the generalized Stratonovich integral since the stochastic
integrals do not contain an anticipating term. Ocone and Pardoux [7] have studied (1.1), (1.2) for
the case where rank(Fj : F1) = d. We will introduce cases where this condition does not hold.

It is well known the derivation of solution of (1.1) (see [9] for integral Ito case). Let us write
the homogeneous part of the equation (1.1):

dd, = AD, dt + B;®; o AW},
Py = 1.

We find fundamental solution ®;, which is (d x d)-dimensional matrix of the equation (1.1),
@, is adapted to the filtration F, ¢ € [0, 1].
Define
d(t,s) =0, ®; 1, t,5€[0,1].

By using the variation of constant formula, the solution of (1.1) is given by

¢
X = ®(t,0) Xy +/<I>(t, s) o dVs, (1.3)
0
where
¢ Pt
Vi = /a(s) ds—l—Z/bi(s) o dW!, te[0,1],
0 =17

and X; is a d-dimensional unknown vector. Putting the solution of (1.1) into the boundary
condition (1.2), we get the following equation where we find the unknown vector Xj:

1
Fy+ F18(1,0)] X :f—F1/<1>(1,s)odVS. (1.4)
0
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If the matrix [Fy + F1®(1,0)] is invertible, then X, has a unique solution [7]. Denote @ =
[Fo + F1®(1,0)] as a (d x d)-dimensional matrix, and in the case where () is not invertible, we
will establish a solvability condition for (1.4) [8]:

1
PQf{fFl/CI)(l,s)ost} =0,
0

where | = d —rank (@) and P is matrix-projector onto the cokernel of matrix ¢);. Then

1

XOPQTCT+Q+{fF1/<I>(1,s)o dVS}, r =d —rank (@),

0

where Q* is the Moore — Penrose pseudoinverse matrix and Py, is a (d x r)-dimensional matrix-
projector onto the kernel of ). Then, putting X, into equation (1.3) yields the final solution to
problem (1.1), (1.2):

1 ¢
X = Q)(t,O){PQTcT +Q+[f — F1/<I>(1,s) odVS] } —|—/q)(t, s) o dVs.

0 0

Theorem. The boundary-value problem (1.1), (1.2) is solvable if and only if f, a(t), and
b(t) satisfy | linear independent conditions

1
PQ;{fFl/cb(l,s)odVS} =0, [l=d—rank(Q). (1.5)
0

In this case, the boundary problem (1.1), (1.2) possesses an r-parameter (r = d — rank (Q),
rank (Q)) < d) family of solutions

1

PQTCT+Q+{fF1/<I>(1»S)Ost}

0

t

+ /<I>(t, s) o dVs.

0

X; = ®(t,0)

Thus, by using generalized Stratonovich integral and methods of analysis boundary-value problems
described in [8], we can extend results of [7] for getting general solution of
problem (1.1), (1.2).

Corollary 1. If rank(Q) = d, then the problem (1.1), (1.2) has a unique solution

1 t
X, @(t,O){Ql{fF1/<I>(1,s)ost}} —|—/<I>(t,s)ost.

0 0

We arrive at the same as in [7].
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Corollary 2. If rank Q = dy, di < d, then the problem (1.1), (1.2) is solvable if and only if
f, a(t), b(t) satisfy l linear independent conditions

1
PQ;«{fFl/(I)(l,S)OdVS}O’ l=d—d.
0

And in this case (1.1), (1.2) possesses an r-parameter (r = d — dy) family of solutions

1 t
X = ®(t,0)¢ Py, cr +QF f—Fl/<I>(1,s)odVS +/<I>(t, s) o dVs.
0 0

In order to check condition (1.5), numerical methods can be used.
Let us apply theorem to the following equations.

Example 1[7]. Let us By = (é é), By, = (8 (1)>, a(t) =b(t) =0, f = G), Fy =

11 0 0
(0 O),andF1_<O 1).

In this case rank(Fp : F) = 2,

t
1 _l 2_1172
where af = et / e WueWu=Ws gl
S

1

Then Q = Fo + F1, ®(1,0) = (0

1 .
eW12>’ rank Q = 2 (with P1).

e

W2
So, IXg=Q"f = (1 _eWIQ 1) and

(ewtl (1 — e_W12) + atewlz)
X, =®(t,0)Q" f = :

WE-W?2

Example 2. The same coefficients as in Example 1.1 except Fy and F:

10 0 1
Iy = . = .
0 0 0 0

>, rank (Q) = 1, | = d — rank (Q*) = 1. By using solvability

1
Py+ = 0.
Q1 1
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Firstly, the pseudo-inverse matrix is found:

Q" =lm(@Q'Q+eN)7'Q",

! e 0 1 10
Q" = lim —_— ) ) = 5 .
e—=0 ¢ 4 ce2Wi + g2 —eWi + (1 + g)ewl 0 1+ e2Wi PY A

By using formula Py- = I — QQ*, we obtain
P 0 0
@ o1

Po: = (0 1).

and
Checking solvability condition
Po:f=1#0.
Thus, the equation is unsolvable, but there is the pseudosolution

Xy =Q"f, where f=(1,1)T,

1 1
Xf=——5 ,
14 e2Wi \ W7

and the general solution is

Xy =@(t,0)(Pg,cr + Xg), r=1

By using formula Py = I — QT Q, we get

and

¥ Wi o 1 _eWi 1 1
= e — C + -
' 0 W) \14+e\ 1 P el \ v

2 1 1 2
1 —eWitWic, + eV 4 craf + afei
WE | JWE+W? '

2
14 €2W1 cie
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Example 3. Let

110 110 100
Bi=|0 00|, B=]0oo0o0|, F=[|0o0 0],
011 000 010
000 1
F=|ooof, f=[1], a®)=b0)=0.
00 1 1

In this case, rank (Fp : F;) = 2.
Since B1By = By Bq, hence

D(t,s) = exp(B1 (W} — W) + Bo(WE — W2))

s

= eXp(B1 (th - Wsl)) exp(Bz (Wt2 - WQ))’

S

1 10 000 0 -1 0
exp(Bi(W} =W}))=|-1 0 0]exp| (W' =W))[0 1 0 1 1 0
1 01 001 0 1 1
eWi=W3) 1 4 o(Wi=WJ) 0
= 0 1 0 ,
0 1 W W= W)
0 -1 1 000 001
exp(Bo(WZ2—=W2)) =10 1 0]exp| (WZ=W2)|0 0 0 010
1 0 0 001 110
eWE=W2) 1 4 W2-W2)
= 0 1 01,
0 0 1
W =WhH+(W7-w2) e(thfWSl)Jr(Wffo)+2€(W}—W§) 1 0
O(t,s) = 0 1 0
0 eWi=Wi) _ 1 Wi =Wy)
and
1 0 0
Q=K+R®10=[(0 0 0 |,
0 Wi Wi
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1 0 0
e_Wl1
Qt =1lm(Q*Q+el)'Q =10 0 :
e—0 %Vl
e "1
0 0 5
0 0 O
Ppr=I-QQ*=10 1 0],
0 0 0

Po:=(0 1 0).

Checking solvability condition
Po:f =1#0.

Thus, the equation is unsolvable, but there is the pseudosolution

10 0 1
—wi |1 Wi

xf=Qf X =" 2 |[1] =2
00 <V e Wi

2 2

And the general solution is
Xy =@(t,0)(Pg,cr + Xg), r=1

Since Py =1 — Q1 Q, we obtain

0 0 O
1 1
O _ —
Pq = 2 2
1 1
0 _ —
2 2
and
0
1
PQ1 = 5 1
1
Finally,
1 2 1 2 1 1
e "1
X, = 0 1 0 Lo+ [ 2
0 Wi —1 Wi 1 e Wi
2
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