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We establish conditions for the existence and asymptotic representations as t \rightarrow +\infty of monotonic
solutions of nonlinear second-order differential equations unsolvable regarding the highest derivative.

Встановлено умови iснування та асимптотичнi зображення при t \rightarrow +\infty монотонних розв’язкiв
нелiнiйних диференцiальних рiвнянь другого порядку, не розв’язаних щодо старшої похiдної.

1. Problem statement and formulation of themain result. Asecond-order ordinary differential
equation of the form is considered:

F (t, y, y\prime , y\prime \prime ) =

n\sum 
k=1

pk(t)y
\alpha k | y\prime | \beta k | y\prime \prime | \gamma k = 0, (1.1)

where n \in \BbbN , n \geq 2, \alpha k, \beta k, \gamma k \in \BbbR ,
\sum n

k=1
| \gamma k| \not = 0, pk \in \mathrm{C}([a; +\infty ), a > 0;\BbbR ), k = 1, n, i

pi(t) \not = 0, i = 1, s, for some 2 \leq s \leq n.

For Equation (1.1), the question of the existence and asymptotic behavior as t \rightarrow +\infty of
solutions y(t), which are indefinitely extendable to the right (r -solutions), is studied.

Earlier in [1], a similar question regarding the asymptotics of solutions of the equation of the
form (1.1) was considered in the case when

\sum n

k=1
| \gamma k| = 0, that is, when Equation (1.1) is a

first-order differential equation.
The main result of this work is obtained under the assumption of existence of a function

v \in \mathrm{C}2([t1; +\infty ), t1 > a;\BbbR ), which satisfies the following conditions:
(А) v(t) > 0, v\prime \prime (t) \not = 0 on [t1; +\infty ), v(+\infty ) is either equal to 0 or +\infty ;

(В) \mathrm{l}\mathrm{i}\mathrm{m}t\rightarrow +\infty 
v\prime \prime (t)v(t)

(v\prime (t))2
= \mu , 0 \not = \mu \in \BbbR ;
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(С) \mathrm{l}\mathrm{i}\mathrm{m}t\rightarrow +\infty 
pi(t)v

\alpha i(t)| v\prime (t)| \beta i | v\prime \prime (t)| \gamma i

p1(t)v\alpha 1(t)| v\prime (t)| \beta 1 | v\prime \prime (t)| \gamma 1
= ci, 0 \not = ci \in \BbbR , i = 1, s,

\sum s

i=1
\gamma ici \not = 0,

\mathrm{l}\mathrm{i}\mathrm{m}t\rightarrow +\infty 
pj(t)v

\alpha j (t)| v\prime (t)| \beta j | v\prime \prime (t)| \gamma j

p1(t)v\alpha 1(t)| v\prime (t)| \beta 1 | v\prime \prime (t)| \gamma 1
= 0, j = s+ 1, n.

The following statement holds.
Theorem 1.1. Let there exist a function v \in \mathrm{C}2([t1; +\infty ), t1 > a;\BbbR ) that satisfies condi-

tions (A) – (C). Then, for the existence of r -solutions y(t) of differential equation (1.1), which
satisfy the asymptotic representations

y(k)(t) = v(k)(t)(1 + o(1)), t \rightarrow +\infty , k = 0, 2, (1.2)

it is necessary, and if the roots \lambda 1, \lambda 2 of the algebraic equation

\lambda 2 +

\left(  1 +
\mu 
\sum s

i=1
(\beta i + \gamma i)ci\sum s

i=1
\gamma ici

\right)  \lambda +
\mu 
\sum s

i=1
(\alpha i + \beta i + \gamma i)ci\sum s

i=1
\gamma ici

= 0 (1.3)

have the property \mathrm{R}\mathrm{e}\lambda k \not = 0, k = 1, 2, then it is also sufficient that

s\sum 
i=1

ci = 0. (1.4)

Moreover, if \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(\mathrm{R}\mathrm{e}\lambda 1) \not = \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(\mathrm{R}\mathrm{e}\lambda 2), then there exists a one-parameter family of r-solutions
with asymptotic representations (1.2), and if \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(\mathrm{R}\mathrm{e}\lambda 1) = \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(\mathrm{R}\mathrm{e}\lambda 2) \not = \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(v\prime (t)) in some
neighborhood of +\infty , then there exists a two-parameter family of r -solutions with asymptotic
representations (1.2).

2. Auxiliary statements. To prove Theorem 1.1, some auxiliary statements will be needed.
Lemma 2.1 [2]. Let the system

x\prime k = \alpha (t)(fk(x1, x2) + rk(t, x1, x2)), k = 1, 2, (2.1)

where (t, x1, x2) \in D3, D3 = [t0; +\infty ) \times H, H = [ - h1;h1] \times [ - h2;h2], t0 \in \BbbR , h1, h2 > 0,
satisfies the following conditions:

(1) \alpha \in \mathrm{C}([t0; +\infty );\BbbR ), \alpha (t) \not = 0,

\int +\infty 

t0

| \alpha (t)| dt = +\infty ;

(2) fk \in \mathrm{C} 2 2
x1x2

(H;\BbbR ), fk(0, 0) = 0, k = 1, 2;

(3) rk \in \mathrm{C}01 1
tx1x2

(D3;\BbbR ), and

\mathrm{l}\mathrm{i}\mathrm{m}
t\rightarrow +\infty 

\mathrm{s}\mathrm{u}\mathrm{p}
(x1,x2)\in H

\biggl( \bigm| \bigm| \bigm| \bigm| \partial rk(t, x1, x2)\partial x1

\bigm| \bigm| \bigm| \bigm| + \bigm| \bigm| \bigm| \bigm| \partial rk(t, x1, x2)\partial x2

\bigm| \bigm| \bigm| \bigm| + | rk(t, x1, x2)| 
\biggr) 

= 0, k = 1, 2;

(4) the roots \lambda 1, \lambda 2 of the algebraic equation

\lambda 2  - (K11 +K22)\lambda +K11K22  - K12K21 = 0,

where Kij =
\partial fi(0; 0)

\partial xj
, i, j = 1, 2, satisfy the condition \mathrm{R}\mathrm{e}\lambda k \not = 0, k = 1, 2.
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Then there exists a non-empty set of o-solutions of system (2.1)

\Omega =
\bigl\{ 
(x1(t), x2(t)) \in \mathrm{C}1

\bigl( 
[t1; +\infty ), t1 \geq t0;\BbbR 2

\bigr) 
: x1(+\infty ) = x2(+\infty ) = 0

\bigr\} 
.

Moreover, if either \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(\mathrm{R}\mathrm{e}\lambda 1\alpha (t)) =  - 1 or \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(\mathrm{R}\mathrm{e}\lambda 2\alpha (t)) =  - 1, then \Omega is a one-parameter
family of o-solutions, and if \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(\mathrm{R}\mathrm{e}\lambda k\alpha (t)) =  - 1, k = 1, 2, then \Omega is a two-parameter family
of o-solutions.

Lemma 2.2. Let the relation

\Phi (t, x1, x2, x3) = 0, (2.2)

where (t, x1, x2, x3) \in D, D = D0 \times [ - h3;h3], D0 = [a; +\infty ) \times [ - h1;h1] \times [ - h2;h2], a \in \BbbR ,
hk > 0, k = 1, 2, 3, satisfy the following conditions:

(1) \Phi , \Phi \prime 
x1
, \Phi \prime 

x2
, \Phi \prime \prime 

x2
3
\in \mathrm{C}(D;\BbbR );

(2) \mathrm{l}\mathrm{i}\mathrm{m}t\rightarrow +\infty \Phi (t, 0, 0, 0) = 0;
(3) \mathrm{l}\mathrm{i}\mathrm{m}t\rightarrow +\infty \Phi \prime 

x3
(t, 0, 0, 0) = A1 \not = 0;

(4) \mathrm{s}\mathrm{u}\mathrm{p}D

\bigm| \bigm| \bigm| \Phi \prime \prime 
x2
3
(t, x1, x2, x3)

\bigm| \bigm| \bigm| = A2 < +\infty .

Then, in some domain D1 = D01 \times [ - h\ast 3;h
\ast 
3], where D01 = [t0; +\infty )\times [ - h\ast 1;h

\ast 
1]\times [ - h\ast 2;h

\ast 
2],

t0 and h\ast k, k = 1, 2, 3 satisfy the inequalities t0 \geq a, 0 < h\ast k \leq hk,
4A2h

\ast 
3

| A1| 
< 1, the relati-

on (2.2) defines a unique continuous function x3 = x3(t, x1, x2) on the set D01, such that

\Phi (t, x1, x2, x3(t, x1, x2)) \equiv 0,
\partial x3
\partial x1

,
\partial x3
\partial x2

\in \mathrm{C}(D01;\BbbR ), x3(+\infty , 0, 0) = 0 and

x3(t, 0, 0) \sim  - \Phi (t, 0, 0, 0)

\Phi \prime 
x3
(t, 0, 0, 0)

, t \rightarrow +\infty . (2.3)

Proof. Since the function \Phi (t, x1, x2, x3) is differentiable with respect to the variable x3 for
(t, x1, x2) \in D0, then, according to Taylor’s formula with a remainder term in the Peano form,
Equation (2.2) can be written as

\Phi (t, x1, x2, x3) = \Phi (t, x1, x2, 0) + \Phi \prime 
x3
(t, x1, x2, 0)x3 +R(t, x1, x2, x3) = 0, (2.4)

where R(t, x1, x2, x3) = r(t, x1, x2, x3)x3, and r(t, x1, x2, x3) \rightarrow 0 as x3 \rightarrow 0 for any point
(t, x1, x2) \in D0.

From (2.4), it follows that x3(t, x1, x2) is an implicit function determined by the relation

x3(t, x1, x2) =
 - \Phi (t, x1, x2, 0) - R(t, x1, x2, x3(t, x1, x2))

\Phi \prime 
x3
(t, x1, x2, 0)

. (2.5)

Since
R(t, x1, x2, x3) = \Phi (t, x1, x2, x3) - \Phi (t, x1, x2, 0) - \Phi \prime 

x3
(t, x1, x2, 0)x3,

then
R\prime 

x3
(t, x1, x2, x3) = \Phi \prime 

x3
(t, x1, x2, x3) - \Phi \prime 

x3
(t, x1, x2, 0).

Let us consider and estimate the difference \Phi \prime 
x3
(t, x1, x2, x

2
3)  - \Phi \prime 

x3

\bigl( 
t, x1, x2, x

1
3

\bigr) 
for

(t, x1, x2) \in D0 and fixed x13, x
2
3 \in [ - h3;h3], x13 < x23, applying the Lagrange theorem with

respect to the variable x3 :

\Phi \prime 
x3
(t, x1, x2, x

2
3) - \Phi \prime 

x3

\bigl( 
t, x1, x2, x

1
3

\bigr) 
= \Phi \prime \prime 

x3x3
(t, x1, x2, x

\ast 
3)
\bigl( 
x23  - x13

\bigr) 
,

where x\ast 3 \in 
\bigl( 
x13;x

2
3

\bigr) 
.

ISSN 1562-3076. Нелiнiйнi коливання, 2025, т. 28, № 1



46 VIACHESLAV YEVTUKHOV, LILIIA KOLTSOVA

It follows that

\mathrm{s}\mathrm{u}\mathrm{p}
D0

\bigm| \bigm| \Phi \prime 
x3

\bigl( 
t, x1, x2, x

2
3

\bigr) 
 - \Phi \prime 

x3

\bigl( 
t, x1, x2, x

1
3

\bigr) \bigm| \bigm| \leq \mathrm{s}\mathrm{u}\mathrm{p}
D0

\bigm| \bigm| \Phi \prime \prime 
x3x3

(t, x1, x2, x
\ast 
3)
\bigm| \bigm| \bigm| \bigm| x23  - x13

\bigm| \bigm| 
\leq \mathrm{s}\mathrm{u}\mathrm{p}

D

\bigm| \bigm| \Phi \prime \prime 
x3x3

(t, x1, x2, x3)
\bigm| \bigm| \bigm| \bigm| x23  - x13

\bigm| \bigm| 
= A2

\bigm| \bigm| x23  - x13
\bigm| \bigm| .

Setting x13 = 0, x23 = x3, for any fixed x3 \in [ - h3;h3] we obtain

\mathrm{s}\mathrm{u}\mathrm{p}
D0

\bigm| \bigm| R\prime 
x3
(t, x1, x2, x3)

\bigm| \bigm| \leq A2| x3| . (2.6)

Similarly, we consider and estimate the difference R(t, x1, x2, x
2
3)  - R

\bigl( 
t, x1, x2, x

1
3

\bigr) 
for

(t, x1, x2) \in D0 and fixed xk3 \in [ - h3;h3], k = 1, 2, applying the Lagrange theorem with
respect to the variable x3 :

R(t, x1, x2, x
2
3) - R

\bigl( 
t, x1, x2, x

1
3

\bigr) 
= R\prime 

x3
(t, x1, x2, x

\ast \ast 
3 )

\bigl( 
x23  - x13

\bigr) 
,

where x\ast \ast 3 \in 
\bigl( 
x13;x

2
3

\bigr) 
.

Considering (2.6), we obtain that

\mathrm{s}\mathrm{u}\mathrm{p}
D0

\bigm| \bigm| R(t, x1, x2, x
2
3) - R

\bigl( 
t, x1, x2, x

1
3

\bigr) \bigm| \bigm| \leq \mathrm{s}\mathrm{u}\mathrm{p}
D0

\bigm| \bigm| R\prime 
x3
(t, x1, x2, x3)

\bigm| \bigm| \bigm| \bigm| x23  - x13
\bigm| \bigm| \leq A2

\bigm| \bigm| x23  - x13
\bigm| \bigm| 2.

Setting x13 = 0, x23 = x3, for any fixed x3 \in [ - h3;h3], we obtain

\mathrm{s}\mathrm{u}\mathrm{p}
D0

| R(t, x1, x2, x3)| \leq A2| x3| 2. (2.7)

By virtue of (2.7) and conditions (2), (3) of Lemma 2.2, there exists a domain D01 =
[t0; +\infty )\times [ - h\ast 1;h

\ast 
1]\times [ - h\ast 2;h

\ast 
2], D01 \subset D0, where t0 \geq a, 0 < h\ast k \leq hk, k = 1, 2, for which:

(1) \mathrm{s}\mathrm{u}\mathrm{p}D01
| \Phi (t, x1, x2, 0)| \leq 

h\ast 3| A1| 
4

, where h\ast 3 \in (0;h3] and
4A2h

\ast 
3

| A1| 
< 1 ;

(2) \mathrm{i}\mathrm{n}\mathrm{f}D01

\bigm| \bigm| \Phi \prime 
x3
(t, x1, x2, 0)

\bigm| \bigm| > | A1| 
2

;

(3) \mathrm{s}\mathrm{u}\mathrm{p}D01
| R(t, x1, x2, x3)| \leq \mathrm{s}\mathrm{u}\mathrm{p}D0

| R(t, x1, x2, x3)| \leq A2| x3| 2.
Consider the Banach space B of bounded continuous functions x3(t, x1, x2) on D01 with the

norm \| x3\| = \mathrm{s}\mathrm{u}\mathrm{p}D01
| x3(t, x1, x2)| .

In the Banach space B, consider the subspace B1 \subset B of functions x3 \in B for which
\| x3\| \leq h\ast 3 and define on B1 the operator

T (t, x1, x2, x3(t, x1, x2)) \equiv 
 - \Phi (t, x1, x2, 0) - R(t, x1, x2, x3(t, x1, x2))

\Phi \prime 
x3
(t, x1, x2, 0)

. (2.8)

We will show, by using the contraction mapping principle, that the operator T has a fixed
point x3 \in B1, i.e., T (t, x1, x2, x3(t, x1, x2)) = x3(t, x1, x2).

(1) We will prove that if x3(t, x1, x2) \in B1, then T (t, x1, x2, x3(t, x1, x2)) \in B1.

Since x3 \in \mathrm{C}(D01;\BbbR ), due to the structure of the operator, T \in \mathrm{C}(D01;\BbbR ).
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From \| x3(t, x1, x2)\| \leq h\ast 3, it follows that

\| T (t, x1, x2, x3(t, x1, x2))\| 

=

\bigm\| \bigm\| \bigm\| \bigm\|  - \Phi (t, x1, x2, 0) - R(t, x1, x2, x3(t, x1, x2))

\Phi \prime 
x3
(t, x1, x2, 0)

\bigm\| \bigm\| \bigm\| \bigm\| 
\leq 1

\mathrm{i}\mathrm{n}\mathrm{f}
D01

\bigm| \bigm| \Phi \prime 
x3
(t, x1, x2, x3)

\bigm| \bigm| 
\biggl( 
\mathrm{s}\mathrm{u}\mathrm{p}
D01

| \Phi (t, x1, x2, 0)| + \mathrm{s}\mathrm{u}\mathrm{p}
D01

| R(t, x1, x2, x3(t, x1, x2))| 
\biggr) 

\leq 2

| A1| 

\biggl( 
h\ast 3| A1| 

4
+A2| x3| 2

\biggr) 
\leq h\ast 3

2
+

h\ast 3
2

\leq h\ast 3.

(2) Let us check the contraction condition.
Choose arbitrary x13(t, x1, x2), x

2
3(t, x1, x2) \in B1, then\bigm\| \bigm\| T \bigl( t, x1, x2, x23(t, x1, x2)\bigr)  - T

\bigl( 
t, x1, x2, x

1
3(t, x1, x2)

\bigr) \bigm\| \bigm\| 
=

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| R
\bigl( 
t, x1, x2, x

2
3(t, x1, x2)

\bigr) 
 - R

\bigl( 
t, x1, x2, x

1
3(t, x1, x2)

\bigr) 
\Phi \prime 
x3
(t, x1, x2, 0)

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\leq A2

\mathrm{i}\mathrm{n}\mathrm{f}
D01

\bigm| \bigm| \Phi \prime 
x3
(t, x1, x2, 0)

\bigm| \bigm| \bigm\| \bigm\| x23(t, x1, x2) - x13(t, x1, x2)
\bigm\| \bigm\| 2

\leq 2A2

| A1| 
\bigl( \bigm\| \bigm\| x23(t, x1, x2)\bigm\| \bigm\| +

\bigm\| \bigm\| x13(t, x1, x2)\bigm\| \bigm\| \bigr) \bigm\| \bigm\| x23(t, x1, x2) - x13(t, x1, x2)
\bigm\| \bigm\| 

\leq 4A2h
\ast 
3

| A1| 
\bigm\| \bigm\| x23(t, x1, x2) - x13(t, x1, x2)

\bigm\| \bigm\| .
We have demonstrated that the operator T maps the space B1 into itself and is a contraction

operator. Therefore, by the contraction mapping principle, there exists a unique function x3 =
x3(t, x1, x2) \in B1 such that x3(t, x1, x2) = T (t, x1, x2, x3(t, x1, x2)). By virtue of (2.8), this
continuous function on the set D01 is the unique solution to Equation (2.5), satisfying the
condition \| x3\| \leq h\ast 3. Considering this condition and since \Phi \in \mathrm{C}(D;\BbbR ), by the local implicit
function theorem, we can assert that x3,

\partial x3
\partial x1

,
\partial x3
\partial x2

\in \mathrm{C}(D01;\BbbR ).

Let us prove that the function x3(t, x1, x2) has property (2.3) when x1 = 0, x2 = 0.
The function x3(t, x1, x2) satisfies equation (2.4), which, by setting x1 = 0, x2 = 0, can be

written as

\Phi (t, 0, 0, 0) + \Phi \prime 
x3
(t, 0, 0, 0)x3(t, 0, 0) + r(t, 0, 0, x3(t, 0, 0))x3(t, 0, 0) \equiv 0.

From this, considering that \Phi \prime 
x3
(+\infty , 0, 0, 0) = A1 \not = 0, we get

x3(t, 0, 0)

\biggl( 
1 +

r(t, 0, 0, x3(t, 0, 0))

\Phi \prime 
x3
(t, 0, 0, 0)

\biggr) 
=  - \Phi (t, 0, 0, 0)

\Phi \prime 
x3
(t, 0, 0, 0)

.

From last equation, property (2.3) follows.
The lemma is proved.
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3. Proof of the main theorem. Proof of Theorem 1.1. Necessity. Let y \in \mathrm{C}2([t1; +\infty );\BbbR )
be a solution of differential equation (1.1) of the form (1.2), where v(t) is a function with
properties (A) – (C). Then, from differential equation (1.1), it follows that

n\sum 
k=1

pk(v(t))
\alpha k | v\prime (t)| \beta k

\bigm| \bigm| v\prime \prime (t)\bigm| \bigm| \gamma k(1 + o(1)) = 0, t \rightarrow +\infty . (3.1)

Dividing Equation (3.1) by p1(t)(v(t))
\alpha 1 | v\prime (t)| \beta 1 | v\prime \prime (t)| \gamma 1 and taking into account conditi-

on (C), we get:
s\sum 

i=1

ci(1 + o(1)) = 0, t \rightarrow +\infty ,

which is possible only if condition (1.4) is satisfied.
Sufficiency. Let there exist a function v(t) that satisfies conditions (A) – (C) and conditi-

on (1.4). Then, according to condition (C)

pi(t)(v(t))
\alpha i | v\prime (t)| \beta i | v\prime \prime (t)| \gamma i

p1(t)(v(t))\alpha 1 | v\prime (t)| \beta 1 | v\prime \prime (t)| \gamma 1
= ci + \varepsilon i(t), i = 1, s,

pj(t)(v(t))
\alpha j | v\prime (t)| \beta j | v\prime \prime (t)| \gamma j

p1(t)(v(t))\alpha 1 | v\prime (t)| \beta 1 | v\prime \prime (t)| \gamma 1
= \varepsilon j(t), j = s+ 1, n,

where \varepsilon k(t) = o(1), k = 1, n, при t \rightarrow +\infty .

Let us show that, in this case, Equation (1.1) has a solution y(t) of the form (1.2) and clarifies
the question regarding the number of such solutions.

Substituting into (1.1)

y = v(t)(1 + x1), (3.2)

y\prime = v\prime (t)(1 + x2), (3.3)

y\prime \prime = v\prime \prime (t)(1 + x3), (3.4)

we obtain the equation

n\sum 
k=1

pk(v(t))
\alpha k(1 + x1)

\alpha k
\bigm| \bigm| v\prime (t)\bigm| \bigm| \beta k(1 + x2)

\beta k
\bigm| \bigm| v\prime \prime (t)\bigm| \bigm| \gamma k(1 + x3)

\gamma k = 0. (3.5)

After dividing by p1(t)(v(t))
\alpha 1 | v\prime (t)| \beta 1 | v\prime \prime (t)| \gamma 1 , Equation (3.5) takes the form

\Phi (t, x1, x2, x3) = 0, (3.6)

where

\Phi (t, x1, x2, x3) =

s\sum 
i=1

ci(1 + x1)
\alpha i(1 + x2)

\beta i(1 + x3)
\gamma i +

n\sum 
k=1

\varepsilon k(t)(1 + x1)
\alpha k(1 + x2)

\beta k(1 + x3)
\gamma k .
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Consider \Phi (t, x1, x2, x3) on the set D = D0\times [ - h3;h3], D0 = [a; +\infty )\times [ - h1;h1]\times [ - h2;h2].
Due to its structure, \Phi ,\Phi \prime 

x1
,\Phi \prime 

x2
,\Phi \prime \prime 

x2
3
\in \mathrm{C}(D;\BbbR ), and according to conditions (C) and (1.4), it

has the following properties:

\mathrm{l}\mathrm{i}\mathrm{m}
t\rightarrow +\infty 

\Phi (t, 0, 0, 0) = 0, \mathrm{l}\mathrm{i}\mathrm{m}
t\rightarrow +\infty 

\Phi \prime 
x3
(t, 0, 0, 0) =

s\sum 
i=1

\gamma ici \not = 0, \mathrm{s}\mathrm{u}\mathrm{p}
D

\bigm| \bigm| \bigm| \Phi \prime \prime 
x2
3
(t, x1, x2, x3)

\bigm| \bigm| \bigm| < +\infty .

Thus, for the function \Phi (t, x1, x2, x3), the conditions of Lemma 2.2 are satisfied.
Then, in some domain D1 = D01 \times [ - h\ast 3;h

\ast 
3], where

D01 = [t0; +\infty )\times [ - h\ast 1;h
\ast 
1]\times [ - h\ast 2;h

\ast 
2], t0 \geq a, 0 < h\ast k \leq hk, k = 1, 2, 3,

and
4h\ast 3 \mathrm{s}\mathrm{u}\mathrm{p}

D

\bigm| \bigm| \bigm| \Phi \prime \prime 
x2
3
(t, x1, x2, x3)

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \sum s

i=1
\gamma ici

\bigm| \bigm| \bigm| < 1,

Equation (3.6) defines a unique continuous function x3 = x3(t, x1, x2) on the set D01, such that
\Phi (t, x1, x2, x3(t, x1, x2)) \equiv 0, (x3)

\prime 
xk

\in \mathrm{C}(D01;\BbbR ), k = 1, 2, x3(+\infty , 0, 0) = 0 and

x3(t, 0, 0) \sim  - 

\sum s

i=1
ci +

\sum n

k=1
\varepsilon k(t)\sum s

i=1
\gamma ici +

\sum n

k=1
\gamma k\varepsilon k(t)

, t \rightarrow +\infty . (3.7)

Since
\partial x3(t, x1, x2)

\partial x1
=  - 

\Phi \prime 
x1
(t, x1, x2, x3)

\Phi \prime 
x3
(t, x1, x2, x3)

,
\partial x3(t, x1, x2)

\partial x2
=  - 

\Phi \prime 
x2
(t, x1, x2, x3)

\Phi \prime 
x3
(t, x1, x2, x3)

,

we also have, as t \rightarrow +\infty ,

\partial x3(t, 0, 0)

\partial x1
=  - 

\sum s

i=1
\alpha ici(1 + x3(t, 0, 0))

\gamma i +
\sum n

k=1
\alpha k\varepsilon k(t)(1 + x3(t, 0, 0))

\gamma k\sum s

i=1
\gamma ici(1 + x3(t, 0, 0))

\gamma i - 1 +
\sum n

k=1
\gamma k\varepsilon k(t)(1 + x3(t, 0, 0))

\gamma k - 1
, (3.8)

\partial x3(t, 0, 0)

\partial x2
=  - 

\sum s

i=1
\beta ici(1 + x3(t, 0, 0))

\gamma i +
\sum n

k=1
\beta k\varepsilon k(t)(1 + x3(t, 0, 0))

\gamma k\sum s

i=1
\gamma ici(1 + x3(t, 0, 0))

\gamma i - 1 +
\sum n

k=1
\gamma k\varepsilon k(t)(1 + x3(t, 0, 0))

\gamma k - 1
. (3.9)

Substituting the function x3(t, x1, x2) into (3.4) instead of x3, and taking into account relati-
ons (3.2) – (3.4), we obtain the following system of differential equations for finding x1 and x2 :\left\{     

x\prime 1 =
v\prime 

v
( - x1 + x2),

x\prime 2 =
v\prime \prime 

v\prime 
( - x2 + x3(t, x1, x2)).

(3.10)

Expanding the function x3(t, x1, x2) in terms of x1 and x2 for t \in [t0; +\infty ) by using the
Maclaurin series, the system (3.10) can be written as\left\{       

x\prime 1 =
v\prime 

v
( - x1 + x2),

x\prime 2 =
v\prime \prime 

v\prime 

\biggl( 
x3(t, 0, 0) +

\partial x3
\partial x1

(t, 0, 0)x1 +

\biggl( 
 - 1 +

\partial x3
\partial x2

(t, 0, 0)

\biggr) 
x2 + r(t, x1, x2)

\biggr) 
,

(3.11)
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where
r(t, x1, x2) = x3(t, x1, x2) - x3(t, 0, 0) - 

\partial x3
\partial x1

(t, 0, 0)x1  - 
\partial x3
\partial x2

(t, 0, 0)x2,

and it is evident that r(t, 0, 0) \equiv 0.
Since, according to condition (B),

v\prime \prime (t)

v\prime (t)
=

v\prime (t)

v(t)
(\mu + \delta (t)), 0 \not = \mu \in \BbbR , \delta (t) \in \mathrm{C}([t0; +\infty );\BbbR ),

and as t \rightarrow +\infty , \delta (t) = o(1), the system (3.11) can be written as\left\{               

x\prime 1 =
v\prime 

v
( - x1 + x2),

x\prime 2 =
v\prime 

v

\biggl( 
(\mu + \delta (t))x3(t, 0, 0) + (\mu + \delta (t))

\partial x3
\partial x1

(t, 0, 0)x1

+(\mu + \delta (t))

\biggl( 
 - 1 +

\partial x3
\partial x2

(t, 0, 0)

\biggr) 
x2 + (\mu + \delta (t))r(t, x1, x2)

\biggr) 
.

(3.12)

The system (3.12) is a system of the form (2.1), where:

(1) \alpha (t) =
v\prime (t)

v(t)
. By virtue of condition (A)

\int +\infty 

t0

v\prime (t)

v(t)
dt = \pm \infty ;

(2) fi(x1, x2) = Ki1x1 +Ki2x2, fi \in \mathrm{C} 2 2
x1x2

([ - h\ast 1;h
\ast 
1]\times [ - h\ast 2;h

\ast 
2];\BbbR ), fi(0, 0) = 0, i = 1, 2,

where K11 =  - 1, K12 = 1, considering conditions (1.4), (3.7) – (3.9):

K21 = \mathrm{l}\mathrm{i}\mathrm{m}
t\rightarrow +\infty 

(\mu + \delta (t))
\partial x3
\partial x1

(t, 0, 0)

= \mathrm{l}\mathrm{i}\mathrm{m}
t\rightarrow +\infty 

(\mu + \delta (t))

\left(   - 

\sum s

i=1
\alpha ici(1 + x3(t, 0, 0))

\gamma i +
\sum n

k=1
\alpha k\varepsilon k(t)(1 + x3(t, 0, 0))

\gamma k\sum s

i=1
\gamma ici(1 + x3(t, 0, 0))

\gamma i - 1 +
\sum n

k=1
\gamma k\varepsilon k(t)(1 + x3(t, 0, 0))

\gamma k - 1

\right)  

=  - 

\mu 
\sum s

i=1
\alpha ici

\left(  1 - 

\sum s

i=1
ci\sum s

i=1
\gamma ici

\right)  \gamma i

\sum s

i=1
\gamma ici

\left(  1 - 

\sum s

i=1
ci\sum s

i=1
\gamma ici

\right)  \gamma i - 1 =  - 
\mu 
\sum s

i=1
\alpha ici\sum s

i=1
\gamma ici

,

K22 = \mathrm{l}\mathrm{i}\mathrm{m}
t\rightarrow +\infty 

(\mu + \delta (t))

\biggl( 
 - 1 +

\partial x3
\partial x2

(t, 0, 0)

\biggr) 

= \mathrm{l}\mathrm{i}\mathrm{m}
t\rightarrow +\infty 

(\mu + \delta (t))

\left(   - 1 - 

\sum s

i=1
\beta ici(1 + x3(t, 0, 0))

\gamma i +
\sum n

k=1
\beta k\varepsilon k(t)(1 + x3(t, 0, 0))

\gamma k\sum s

i=1
\gamma ici(1 + x3(t, 0, 0))

\gamma i - 1 +
\sum n

k=1
\gamma k\varepsilon k(t)(1 + x3(t, 0, 0))

\gamma k - 1

\right)  

=  - \mu 

\left(         
1 +

\sum s

i=1
\beta ici

\left(  1 - 

\sum s

i=1
ci\sum s

i=1
\gamma ici

\right)  \gamma i

\sum s

i=1
\gamma ici

\left(  1 - 

\sum s

i=1
ci\sum s

i=1
\gamma ici

\right)  \gamma i - 1

\right)         
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=  - \mu 

\left(  1 +

\sum s

i=1
\beta ici\sum s

i=1
\gamma ici

\right)  =  - 
\mu 
\sum s

i=1
(\beta i + \gamma i)ci\sum s

i=1
\gamma ici

;

(3)
r1(t, x1, x2) = 0,

r2(t, x1, x2) = (\mu + \delta (t))(x3(t, 0, 0) + r(t, x1, x2))

= (\mu + \delta (t))

\biggl( 
x3(t, x1, x2) - 

\partial x3
\partial x1

(t, 0, 0)x1  - 
\partial x3
\partial x2

(t, 0, 0)x2

\biggr) 
,

rk \in \mathrm{C}01 1
tx1x2

(D01;\BbbR ), and \mathrm{s}\mathrm{u}\mathrm{p}x1,x2

\biggl( \bigm| \bigm| \bigm| \bigm| \partial rk\partial x1

\bigm| \bigm| \bigm| \bigm| + \bigm| \bigm| \bigm| \bigm| \partial rk\partial x2

\bigm| \bigm| \bigm| \bigm| + | rk| 
\biggr) 

= o(1) as t \rightarrow +\infty , k = 1, 2;

(4) the algebraic equation

\lambda 2  - (K11 +K22)\lambda +K11K22  - K12K21 = 0

has the form (1.3), whose roots have the property \mathrm{R}\mathrm{e}\lambda k \not = 0, k = 1, 2.
Thus, on the set D01, all the conditions of Lemma 2.1 are satisfied for system (3.12). Then,

system (3.12) has a non-empty set of o-solutions

\Omega =
\bigl\{ 
(x1(t), x2(t)) \in \mathrm{C}1

\bigl( 
[t1; +\infty ], t1 \geq t0;\BbbR 2

\bigr) 
: x1(+\infty ) = x2(+\infty ) = 0

\bigr\} 
.

Each such solution of system (3.12), by virtue of the properties of the function x3(t, x1, x2)
and the substitutions (3.2) – (3.4), corresponds to an r -solution of system (1.1) of the form (1.2).

Moreover, if \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(\mathrm{R}\mathrm{e}\lambda 1) \not = \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(\mathrm{R}\mathrm{e}\lambda 2), then there exists a one-parameter family of
r -solutions of the form (1.2). If, in some neighborhood of +\infty , \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(\mathrm{R}\mathrm{e}\lambda 1) = \mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(\mathrm{R}\mathrm{e}\lambda 2) \not =
\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(v\prime (t)), then there exists a two-parameter family of r -solutions of the form (1.2).

The Theorem is proved.
4. Conclusions. In this work, for the first time, a necessary condition for the existence of

r -solutions of the form (1.2) for the differential equation (1.1) has been obtained and, under
certain conditions, a sufficient condition has also been established. Additionally, the question of
the number of such solutions has been clarified.
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