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We establish conditions for the existence and asymptotic representations as ¢ — —+oo of monotonic
solutions of nonlinear second-order differential equations unsolvable regarding the highest derivative.

BcTaHOB/IEHO YMOBY iCHYBaHHS Ta aCUMIITOTHYHI 300pakeHHs MpU ¢ — +00 MOHOTOHHUX PO3B’SI3KiB
HeHIMHNX TudepeHIliaJbHIX pIBHSIHE IPYTOTo MOPSIKY, HE PO3B’ I3aHUX IIONO CTapIIOol MOXiTHOI.

1. Problem statement and formulation of the main result. A second-order ordinary differential
equation of the form is considered:

n
Fty, o, y") = o)y |y |1y =0, (1.1)
k=1

where n € N, n > 2, ag, Bk, 7 € R, Z:ﬂ |vk| # 0, pr € C([a;+00),a > O;R), k= 1,n, i
pi(t) #0, i =1, s, for some 2 < s < n.

For Equation (1.1), the question of the existence and asymptotic behavior as t — +oo of
solutions y(t), which are indefinitely extendable to the right (r-solutions), is studied.

Earlier in [1], a similar question regarding the asymptotics of solutions of the equation of the

form (1.1) was considered in the case when Z:_l\fyk] = 0, that is, when Equation (1.1) is a

first-order differential equation.
The main result of this work is obtained under the assumption of existence of a function
v € C%([t1;+00),t1 > a;R), which satisfies the following conditions:

(A) v(t) >0, v"(t) #0 on [t1;+00), v(+00) is either equal to 0 or +oc;

(B) limy o
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The following statement holds.

Theorem 1.1. Let there exist a function v € C?([t1;+00),t1 > a;R) that satisfies condi-
tions (A)—(C). Then, for the existence of r-solutions y(t) of differential equation (1.1), which
satisfy the asymptotic representations

I

=0,7=s+1,n.

limy 4 00

y Bt =v® ()1 +0(1)), t—+oo, k=0,2, (1.2)

it is necessary, and if the roots \1, Ao of the algebraic equation

7/—’_7/2 ’L+ 'L+ll
2 1+MZ (Bi + uz (i + Bi +i)e . 03

Z;l ViCi Zzzl ViCi

have the property Re A\, £ 0, k = 1,2, then it is also sufficient that

s

S ei=0. (1.4)

=1

Moreover, if sign(Re A1) # sign(Re \2), then there exists a one-parameter family of r-solutions
with asymptotic representations (1.2), and if sign(Re A1) = sign(Re \2) # sign(v/(t)) in some
neighborhood of +oc, then there exists a two-parameter family of r-solutions with asymptotic
representations (1.2).
2. Auxiliary statements. To prove Theorem 1.1, some auxiliary statements will be needed.
Lemma 2.1 [2]. Let the system

z), = at)(fr(wr, x2) + it x1,22)), k=1,2, (2.1)

where (t,xl,xg) € D3, D3 = [to;—I—OO) x H H = [—hl;hl] X [—hQ;hQ], to € R, hy,ho > 0,
satisfies the following conditions:

+oo
(1) @& Clli+ooiR). alt) £0. [ la(o)|dt =

(2) fk € lemg( )a fk:(ovo) =0, k=12
(3) rp e COlL (DS,R), and

trixzo

Or(t, z1,22)
81’1

Ori(t, 1, x2)
81’2

lim sup (
t—+o0 (x1,x2)EH

+ ‘Tk(t’xth)‘) =0, k=12

(4) the roots \i, A2 of the algebraic equation
A — (K11 + Ko2)A + K11 Kog — K12 Ko1 = 0,

d£:(0;0)

where K;; = P
J

i,7 = 1,2, satisfy the condition Re A\, # 0, k = 1,2.
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ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF NONLINEAR SECOND-ORDER DIFFERENTIAL 45

Then there exists a non-empty set of o-solutions of system (2.1)
Q= {(z1(t),22(t)) € C*([t1; +0), t1 > to;R?): 21 (+00) = mo(+00) = 0}.

Moreover, if either sign(Re \ja(t)) = —1 or sign(Re \qa(t)) = —1, then Q is a one-parameter
Sfamily of o-solutions, and if sign(Re \ya(t)) = —1, k = 1,2, then Q) is a two-parameter family
of o-solutions.

Lemma 2.2. Let the relation

O(t, x1, 9, 23) =0, (2.2)

where (t,x1,x2,23) € D, D = Do X [—hs;hs], Dy = [a;+00) X [—hi;hi] X [—ho; hal], a € R,
he >0, k= 1,2, 3, satisfy the following conditions:

1) o, @, ¢, @gg € C(D;R);

(2) limy—s o0 ®(t,0,0,0) = 0;

(3) limys o0 P, (,0,0,0) = Ay # 0;

4) supD‘q)gz(t,xl,xg,xg) = Ay < +o0.

3
Then, in some domain Dy = Dy x [—h; hi|, where Do; = [to; +00) X [—=h}; hj] x [-h%; h3],
. . . 4Axh; :

to and hj, k = 1,2,3 satisfy the inequalities to > a, 0 < hi < hy, 213 1, the relati-

| A
on (2.2) defines a unique continuous function xs = x3(t,z1,x2) on the set Dy, such that

drs O
B(t,x1, 0, 23(t, 21, 22)) = 0, =2, 228 € O(Do1; R), x3(+00,0,0) = 0 and
0901 8.%'2
®(¢,0,0,0
x3(t,0,0) ~ (t,0,0,0) t — +oo. (2.3)

@’ (,0,0,0)

Proof. Since the function ®(t, x1, z2, x3) is differentiable with respect to the variable 3 for
(t,z1,z2) € Dy, then, according to Taylor’s formula with a remainder term in the Peano form,
Equation (2.2) can be written as

D(t, 1, w2, 23) = P(t, 21, 22,0) + P, (¢, w1, 22,0)x3 + R(t, 21, 2, 23) = 0, (2.4)

where R(t,x1,x9,x3) = r(t,x1,x2,x3)x3, and r(t,x1,ze,x3) — 0 as z3 — 0 for any point
(t,x1,72) € Dy.
From (2.4), it follows that z3(¢,z1,x2) is an implicit function determined by the relation

_q)(tv Z1,22, O) - R(ta Z1,x2, $3(t> Z1, ZL‘Q))

2.5
‘1>Q;3(t,x1,332,0) ( )

x3(t, 1, 22) =

Since
R(t, w1, w9, x3) = ®(t, 1, w2, 23) — P(t, 21, 22,0) — P, (¢, w1, 22,0)3,

then
R, (t, w1, 29, x3) = ) (t, 1, 29, 3) — D (£, 21, 22,0).

Let us consider and estimate the difference @, (t,z1,22,23) — @, (t,21,22,25) for
(t,x1,79) € Dy and fixed z3,73 € [—hs;hs], 21 < 2%, applying the Lagrange theorem with
respect to the variable x3:

D (t, 21,29, 33) — P, (t, 21, 2, 23) = B . (8, 21, 2, 2%) (25 — 23),

T3T3

where x5 € (x%;xZ).
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It follows that

"

1
T3T3

SBP“D;% (t, 21, 22,23) — . (t>$1,$27$§)‘ < SBP‘@ (t7x1,$2>$§)H$§ — 3
0 0

"

1
33

Ss%p‘q) (t,$1,$2,$3)H$§_$3

= Ag‘xg - xé}
Setting z3 = 0, 23 = x5, for any fixed x5 € [—h3; h3] we obtain
SBP‘R/:[S(t?ILanJ:?))} S A2’$3|- (26)
0
Similarly, we consider and estimate the difference R(t,z1,22,23) — R(t, 21,2, 23) for

(t,r1,72) € Do and fixed x5 € [~hs;hs], k = 1,2, applying the Lagrange theorem with
respect to the variable x3:

R(t,x1,x2, acg) — R(t,xl,xg, x};) = Rf,cg (t, 21, x2, xjg*)(xﬁ — x};),
where z3* € (x%,x%)

Considering (2.6), we obtain that

sBp}R(t,xl,xQ,xg) — R(t,xl,xg,:cé)‘ < S[l)lp‘R;S(t,xl,fEQ,xg)Hl'g — 9::1))‘ < Agl:cg — xéf
0 0

Setting z3 = 0, 23 = x5, for any fixed x5 € [—hs; hs], we obtain

sBp|R(t, x1,x9,x3)| < A2|x3|2. 2.7
0

By virtue of (2.7) and conditions (2), (3) of Lemma 2.2, there exists a domain Dy =
[to; +00) x [=hi; hi] x [=h3; h3], Dor C Do, where tg > a, 0 < h} < hy, k= 1,2, for which:

hilA 4Ash}
3‘4 1|, where h% € (0; hs] and —3

(1) SupD()l‘q)(t’ml)xQ?O)‘ S ‘A1|

<1;

. A
(2) infpy,| P, (¢, 21, 22,0)| > |21‘;

) Supp, |R(t> xy1, X2, 1’3)| < Sup p, |R(t7 x1, T2, l‘3)| < A2|1‘3’2.

Consider the Banach space B of bounded continuous functions z3(t, z1,x2) on Dg; with the
norm ||z3|| = supp,, |z3(t, 21, x2)|.

In the Banach space B, consider the subspace B; C B of functions z3 € B for which
|z3|| < hj and define on B, the operator

—®(t,21,72,0) — R(t, 1, 72, 23(F, 21, 72))

2.8
q),xg(taxlyx%()) ( )

T(tv X1, T2, $3(ta X1, 1‘2)) =

We will show, by using the contraction mapping principle, that the operator 7" has a fixed
point x3 € By, i.e., T(t, x1, 29, xg(t, x1,x9)) = x3(t, x1, 1’2).

(1) We will prove that if z3(t,z1,x2) € By, then T'(t,z1, 2, x3(t, x1,x2)) € By.

Since z3 € C(Dyp1;R), due to the structure of the operator, 7' € C(Dp; R).
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From ||z3(t, x1,z2)|| < h3, it follows that

||T(t7 x1,x2, $3(t7 Zy, 1‘2) H

_(b(tu X1, T2, 0) - R(tu X1, T2, x3(t7 T, .’132))
/.. (t,71,22,0)

1

< - , (Sup|<1>(t,x1,x2,0)| —|—Sup|R(t,$1,$2,$3(t,l‘1,$2))|)
glf’@xg(t,xl,m,m)\ Doy Do

01

2 [ hilA] 9 h%  hi
< _— (= A < 3B 4 3B < px
_|A1\< 1 +2!363| _2—1-2_3

(2) Let us check the contraction condition.
Choose arbitrary x3(t, v1,29), 23(t, 21, 22) € By, then

|’T(t7x17$2a l‘%(t, I, l’g)) - T(ta I, $2,$é(t,$1,$2)) H

R(t, 1,2, 23(t, 21, 22)) — R(t, 21, 22, 2}(¢, 21, 22))
(I)gcs (t7 Ty, X2, 0)

Ay
B g}){‘é‘/’ﬂg(t7xlﬂ x2,

0)‘ ng(tvxlvx2) - x%(taxla:UZ)W

24
< ﬁ(“xg(t,m,xz)u + Hxé(t,xl,xg)H) ng(t,xl,xz) — mé(t’;pth)H
_ 4Aoh; |3 (t, 21, 2) — 23 (t, 21, 20) -

— A

We have demonstrated that the operator 7" maps the space B into itself and is a contraction
operator. Therefore, by the contraction mapping principle, there exists a unique function zs =
x3(t,z1,22) € By such that x3(t,z1,z0) = T(t,x1, 22, 23(t,x1,22)). By virtue of (2.8), this
continuous function on the set Dy; is the unique solution to Equation (2.5), satisfying the

condition ||z3|| < h3. Considering this condition and since ® € C(D;R), by the local implicit
. Oxrs 0O
function theorem, we can assert that x3, a—m?’, a—m € C(Do1; R).
I T2
Let us prove that the function z3(¢, z1,x2) has property (2.3) when z; = 0, x2 = 0.
The function x3(t, z1, z2) satisfies equation (2.4), which, by setting x; = 0, zo = 0, can be

written as
®(t,0,0,0) + P/, (t,0,0,0)z3(t,0,0) + r(t,0,0, z3(t, 0,0))zs3(t,0,0) = 0.

From this, considering that @/, (4+00,0,0,0) = A; # 0, we get

25(t,0,0) (1 N r(t,o,o,xg(t,o,()))> _ ®(1,0,0,0)

@/(t,0,0,0) ~ ®,.(t,0,0,0)

From last equation, property (2.3) follows.
The lemma is proved.
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3. Proof of the main theorem. Proof of Theorem 1.1. Necessity. Let y € C%([t1; +00);R)
be a solution of differential equation (1.1) of the form (1.2), where v(¢) is a function with
properties (A)—(C). Then, from differential equation (1.1), it follows that

Z:pk(v(t))o"“\v’(t)|5’C 0" ()™ (14 0(1)) =0, t— +oo. (3.1)

Dividing Equation (3.1) by p1(t)(v(¢))® |v/(t)|”* |v"(t)|"* and taking into account conditi-
on (C), we get:

D ci(l+0(1)) =0, t— oo,
i=1
which is possible only if condition (1.4) is satisfied.
Sufficiency. Let there exist a function v(¢) that satisfies conditions (A)—(C) and conditi-
on (1.4). Then, according to condition (C)

PO WO O
pl(t)(v(t))al|vl(t)|51‘v//(t”'n = ¢; +&i(t), 1,s,
PO ®) ' ()7 " () _ Ty
pl(t)(v(t))al"U’(t)|ﬂ1’v”(t)|'71 E]( )7 J + 1, n,

where e, (t) = o(1), k= 1,n, pu t — +00.

Let us show that, in this case, Equation (1.1) has a solution y(¢) of the form (1.2) and clarifies
the question regarding the number of such solutions.

Substituting into (1.1)

y=ov(t)(1+ x1), (3.2)
y =V )1+ z2), (3.3)
y" =" (t)(1 + x3), (3.4)
we obtain the equation
S P (1420 o ()] (1 22) P40 (6) (1 + 25)* = 0. (3.5)

After dividing by py (t)(v(£))* v ()" |v” (¢)|"*, Equation (3.5) takes the form
@(t,xl,.TQ,Ig) = 07 (36)

where

s

O(t,x1, 2, 23) = ZcZ 1+ xp) 1+I‘2)5Z(1+$3 %—1—251g 1+x1)ak(1+x2)6’“(1+x3)
i=1 k=1
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Consider ®(t, x1, z2,x3) ontheset D = Do x [—hs; hs], Do = [a; +00) X [—h1; h1] X [—ha; ha].
Due to its structure, ®, o’ &/ <I>g2 € C(D;R), and according to conditions (C) and (1.4), it
3

T T
has the following properties:

. /
lim ®(¢,0,0,0) =0, tilinoofb (¢,0,0,0) Z%Cl # 0, sup <I> (t x1,x2,x3)| < 400.

t——+o00

Thus, for the function ®(¢, x1, z2, x3), the conditions of Lemma 2.2 are satisfied.
Then, in some domain D; = Dy x [—h3; h3], where

Doy = [to; +00) X [=h];h]] X [=h3;h3], to>a, O0<hp<hy, k=1,2,3,

and
4h} sup‘CIJ”2 (t, 21,22, 3:3)‘
D! 3

‘ZS
.
. iCi

Equation (3.6) defines a unique continuous function z3 = x3(¢, z1,z2) on the set Dy, such that
@(t,$1,$2,$3(t,$1,$2)) 0, ( ) € C(D()l, ), k=1,2, .%'3(—!—00,0,0) =0 and

Zz 1 ’+Zk 1

<1,

x3(t,0,0) ~ — , t— too. (3.7)
S ety I'kak()
Since
dzs(t,x1,w2) P4 (b wr,wa,w3)  Owg(t,wy,me)  Poy(t, 21,22, 23)
01 ! (t, w1, 22, 23) 0z P! (t,x1, 22, 23)
we also have, as t — +o0,
s ] n
8333(25, 0, 0) . Zi:l OéiCi(l + ﬂj‘g(t, Oa 0))% + Zk:l ak’gk(t)(l + $3(t> 07 O)),Yk 38
Ory _Zs i1+ a3(6,0,00) 7+ 3 per(t)(L + a(t,0,0)) Y 69
121%2 3L Y, kZl’Ykk 3\ Y,

Oug(t,0,0) _ Do, Bl +as(t, 0,00 + 3T Bren(t)(1+wa(t,0,0)) 59)

2 Zi:l %cz( +a3(t,0,0)) ! 4 Zk:l er(t) (1 + z3(t, 0,0))7 1

Substituting the function z3(¢, x1, x2) into (3.4) instead of x3, and taking into account relati-
ons (3.2)—(3.4), we obtain the following system of differential equations for finding xz; and x5:

Ul
xll = ; (_:El + 172),
o (3.10)
xh = o (—zo + x3(t, 21, x2)).

<

Expanding the function z3(t,z1,22) in terms of x; and z9 for t € [tp; +00) by using the
Maclaurin series, the system (3.10) can be written as

@\

‘rll = (_xl + x2)7
Y (3.11)

xh = " <a:3(t,0,0) azg (¢,0,0)z1 + ( 1+ gig (t,0 0))1‘2 + r(t,xl,m2)>,

<
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50 VIACHESLAV YEVTUKHOYVY, LILIIA KOLTSOVA

where

ﬁ (t7070)x1 gm (t 0 O)$2,
€2

r(t,x1,x2) = x3(t, x1,x2) — x3(t,0,0) — Py

and it is evident that r(¢,0,0) = 0.
Since, according to condition (B),

V"(t)  V(t)

(h+0@), 0#peR, 64(t) e C([to; +oo); R),

(e o)
and as t — 400, §(t) = o(1), the system (3.11) can be written as
( o
lJI = ; (_$1 + .’Eg),
v 0z
o+ 800) (<1 5E20.0.0) )+ + 80t v,20) )

The system (3.12) is a system of the form (2.1), where:
V' (t) . o oo (t)
(1) a(t) = . By virtue of condition (A)
v(t) o ()
(2) fi(xth) = Kilxl + Ki2172, fl S 0112332([ hTa hﬂ X [_hza h;]vR)v fl(070) - 07 1= 1727
where K17 = —1, K2 = 1, considering conditions (1.4), (3.7)—(3.9):

61'3
01

dt =+

Exn = lim (p+46()) 5—(0,0)

— lim (4 6(t)) (

t——+o0

Zi:l a;ci(1+ x3(¢,0,0))" + Zk:l arer(t) (1 + 23(t,0,0))7
Z¢=1 vici(1+ x3(t, 0, 0))%—1 + Zk:l Yrer(t) (1 + z3(t, 0, 0))%—1

> h
.
i=1 "
> >
. Qi
=1 Vi€ _ _M i=1 "
N ED S |
. C;
i Ci =1 YiCi
>
.
=1 YiCi

) 0
Ko =l (n-+0)(~1+ 52 (10.0))

uz oC; (

Zj:1 ViCi (1 -

t—+00

= lim (u+ 6(t ))(1 Z Bici(1 + x3(¢,0,0)) %+Z ﬁksk £)(1 + x3(t,0,0))* )

Zi ,cz(l—i—wg(t 0,0))7~ +Z ek (t) (1 + x3(t,0,0)) %~

S i
S Zz‘:l ¢
Zi:l fici ( Zj:1 YiCi

S ’yi—l
E e
i=1 "
>
.
L WiCi
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Zj:1 Bici _ M Z (Bi +vi)e
2;1 ViCi Zi:l YiCi |

T (t, x1, :172) = O,

3)

Tz(t,xl,xg) = (,u + 5(t))(333(t,0,0) + T’(t,l’l,:rg))

ox

0
= (1 +0(t)) (903(75,901,902) - 37;1) (t,0,0)21 — 872 (ta0,0)$2>,

ory,

61'1

ory,

L € lem (D01;R)v and Squ1,$2< a;p

(4) the algebraic equation

+]rk|> o(l) as t — o0, k=1,2;

2N — (K11 4+ Koo)A + K11 K9y — K19Ko1 = 0

has the form (1.3), whose roots have the property Re A\, # 0, k=1, 2.
Thus, on the set Dy;, all the conditions of Lemma 2.1 are satisfied for system (3.12). Then,
system (3.12) has a non-empty set of o-solutions

Q = {(z1(t), 22(t)) € C'([t1; +00],t1 > to; R?): @1 (+00) = @a(+00) = 0}.

Each such solution of system (3.12), by virtue of the properties of the function x3(t,x1, z2)
and the substitutions (3.2) —(3.4), corresponds to an r-solution of system (1.1) of the form (1.2).

Moreover, if sign(ReA;) # sign(ReAz), then there exists a one-parameter family of
r-solutions of the form (1.2). If, in some neighborhood of 400, sign(Re A1) = sign(Re A2) #
sign(v'(t)), then there exists a two-parameter family of r-solutions of the form (1.2).

The Theorem is proved.

4. Conclusions. In this work, for the first time, a necessary condition for the existence of
r-solutions of the form (1.2) for the differential equation (1.1) has been obtained and, under
certain conditions, a sufficient condition has also been established. Additionally, the question of
the number of such solutions has been clarified.
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