
DOI: 10.3842/nosc.v27i3.1472
UDC 517.9

ADOMIAN DECOMPOSITION METHOD
IN THE THEORY OF NONLINEAR BOUNDARY-VALUE PROBLEMS
UNSOLVEDWITH RESPECT TO THE DERIVATIVE
МЕТОД ДЕКОМПОЗИЦIЇ АДОМЯНА
У ТЕОРIЇ НЕЛIНIЙНИХ КРАЙОВИХ ЗАДАЧ,
НЕ РОЗВ’ЯЗАНИХЩОДО ПОХIДНОЇ

Peter Benner
Max Planck Institute for Dynamics of Complex Technical Systems
Sandtorstra{\ss}e, Magdeburg, 39106, Germany
e-mail: chuiko@mpi-magdeburg.mpg.de

Sergii Chuiko
Max Planck Institute for Dynamics of Complex Technical Systems
Sandtorstra{\ss}e, Magdeburg, 39106, Germany
Donbas State Pedagogical University
Sloviansk, 84112, Donetsk Region, Ukraine
Institute of Applied Mathematics and Mechanics, NAS of Ukraine
Sloviansk, Donetsk region, Kramatorsk Dist., 84100, Ukraine
e-mail: chujko-slav@ukr.net, corresponding author

Olga Nesmelova
Institute of Applied Mathematics and Mechanics, NAS of Ukraine
Sloviansk, Donetsk region, Kramatorsk Dist., 84100, Ukraine
e-mail: star-o@ukr.net

We find constructive necessary and sufficient conditions for solvability and a scheme for construction of
solutions of a nonlinear boundary-value problem unsolved with respect to the derivative. On the basis of the
Adomian decomposition method, convergent iterative schemes for finding approximations of solutions of
a nonlinear boundary-value problem unsolved with respect to the derivative are constructed. As examples
of the application of the constructed iterative scheme, we find approximations of the solutions of a periodic
boundary-value problem for Rayleigh-type equations unsolved with respect to the derivative including the
case of a periodic problem for the equation that determines the motion of a satellite in an elliptical orbit.

Знайдено конструктивнi необхiднi й достатнi умови розв’язностi та схему побудови розв’язкiв не-
лiнiйної крайової задачi, не розв’язаної щодо похiдної. На основi методу декомпозицiї Адомяна
побудовано збiжнi iтерацiйнi схеми для знаходження наближень до розв’язкiв нелiнiйної крайової
задачi, не розв’язаноїщодо похiдної. Як приклади застосування побудованої iтерацiйної схеми одер-
жано наближення до розв’язкiв перiодичних крайових задач для рiвнянь типу Релея, не розв’язаного
щодо похiдної, зокрема у випадку перiодичної задачi для рiвняння, яке визначає рух супутника на
елiптичний орбiтi.
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1. Statement of the problem. We study the problem of constructing solutions

z(t, \varepsilon ) : z(\cdot , \varepsilon ) \in \BbbC 1[a, b], z(t, \cdot ) \in \BbbC [0, \varepsilon 0]

of the boundary-value problem [1 – 3]

z\prime (t, \varepsilon ) = A(t) z(t, \varepsilon ) + f(t) + \varepsilon Z(z(t, \varepsilon ), z\prime (t, \varepsilon ), t, \varepsilon ), (1)

\ell z(\cdot , \varepsilon ) = \alpha + \varepsilon J(z(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ), \varepsilon ) (2)

in a small neighborhood of the solution of the generating Noetherian (m \not = n) boundary-value
problem

z\prime 0(t) = A(t)z0(t) + f(t), \ell z0(\cdot ) = \alpha , \alpha \in \BbbR m. (3)

Here, A(t) is an (n \times n)-matrix, f(t) is an n-dimensional column vector whose elements are
real functions continuous on the segment [a, b] and \ell z(\cdot , \varepsilon ) is linear and J(z(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ), \varepsilon ) is
nonlinear vector functionals

\ell z(\cdot , \varepsilon ), J(z(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ), \varepsilon ) : \BbbC [a, b] \rightarrow \BbbR m,

where the second functional is continuously differentiable in the unknowns z, z\prime and in a small
parameter \varepsilon in a small neighbourhood of the solution of the generating problem and its derivative
and on the interval [0, \varepsilon 0]. We assume that the nonlinearity Z(z, z\prime , t, \varepsilon ) of the boundary-value
problem (1), (2) is analytical in the unknown z and its derivative z\prime in a small neighborhood of the
generating solution and its derivative, and in a small parameter \varepsilon in a small positive neighborhood
of zero. In addition, we assume that the nonlinear vector function Z(z, z\prime , t, \varepsilon ) is continuous in
the independent variable t on the interval [a, b].

The relevance of studying the nonautonomous boundary-value problem (1), (2), unsolved
with respect to the derivative, is related to the fact that the study of the traditional problem [1],
which is solved with respect to the derivative, is sometimes complicated, for example, in the
case of nonlinearities that are not integrable in elementary functions. An example of a similar
situation is given in the articles [2, 4 – 6]. An example of a similar situation can also be an
autonomous boundary-value problem unsolved with respect to the derivative, in particular, the
periodic problem for the Lotka equation [3, 7].

In the article [5], the constructive necessary and sufficient conditions for solvability and the
scheme for constructing solutions to the nonlinear boundary-value problem (1), (2) are found and,
based on the method of simple iterations, a convergent iteration scheme to find approximations
to the solutions of this problem is constructed. At the same time, when constructing solutions to
the nonlinear boundary-value problem (1), (2) with the iterative scheme [5], the problem of the
impossibility of finding solutions in elementary functions once again arises, which, in turn, leads
to large errors in the solutions of nonlinear boundary-value problems.

In addition, the construction of solutions of nonlinear boundary-value problems by using the
method of simple iterations [1] is significantly complicated by the calculation of derivative nonli-
nearities. In the article [8], the acceleration of the convergence of iterative schemes is achieved
by calculating the derivatives of nonlinearities at each step. Given the above, simplification of
the calculation of derivative nonlinearities and the possibility of finding solutions of nonlinear
boundary-value problems, in particular, periodic boundary-value problems, in elementary functi-
ons can be achieved by using the Adomian decomposition method [9]. In particular, the use of
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the Adomian decomposition method significantly simplifies the proof of convergence of iterative
schemes for constructing solutions of nonlinear boundary-value problems. An example of this
simplification will be given below.

2. Conditions of solvability. We study the critical case (PQ\ast \not = 0) and assume that the
condition

PQ\ast 
d

\bigl\{ 
\alpha  - \ell K[f(s)](\cdot )

\bigr\} 
= 0 (4)

is fulfilled. In this case, the generating problem (3) has a family of solutions

z0(t, cr) = Xr(t)cr +G[f(s);\alpha ](t), r := n - n1, cr \in \BbbR r.

Here, X(t) is a normal (X(a) = In) fundamental matrix of the homogeneous part of the
system (3), Q = \ell X(\cdot ) is an (m\times n)-dimensional matrix,

rankQ = n1, Xr(t) = X(t)PQr ,

PQr is an (n\times r)-dimensional matrix formed from r linearly independent columns of an (n\times n)-
dimensional orthoprojector matrix

PQ : \BbbR n \rightarrow \BbbN (Q),

PQ\ast 
d
is an (d\times m)-dimensional matrix formed from (d := m - n1) linearly independent rows of

an (m\times m)-dimensional orthoprojector matrix

PQ\ast : \BbbR m \rightarrow \BbbN (Q\ast ).

In addition,
G[f(s);\alpha ](t) = K[f(s)](t) +X(t)Q+

\bigl\{ 
\alpha  - \ell K[f(s)](\cdot )

\bigr\} 
is a generalized Green’s operator of the boundary-value problem (3),

K[f(s)](t) = X(t)

t\int 
a

X - 1(s)f(s) ds,

Q+ is a Moore – Penrose pseudo-inverse matrix [1]. The solution of the problem (1), (2) in the
critical case is found in the form

z(t, \varepsilon ) := z0(t, cr) + u1(t, \varepsilon ) + . . .+ uk(t, \varepsilon ) + . . . .

The nonlinear vector-function Z(z, z\prime , t, \varepsilon ) is analytical in the unknown z and its derivative z\prime 

in the neighborhood of the solution of the generating problem (3), so in this neighborhood the
following expansion converges [9, p. 502]:

Z(z(t, \varepsilon ), z\prime (t, \varepsilon ), t, \varepsilon ) = A0(z0(t, cr)) +A1(z0(t, cr), u1(t, \varepsilon ), \varepsilon )

+A2(z0(t, cr), u1(t, \varepsilon ), u2(t, \varepsilon ), \varepsilon ) + . . .

+An(z0(t, cr), u1(t, \varepsilon ), . . . , un(t, \varepsilon ), \varepsilon ) + . . . .
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The nonlinear bounded vector functional J(z(\cdot , \varepsilon ), \varepsilon ) is analytical in the unknown z in a small
neighbourhood of the solution of the generating problem (3) and its derivative, so the following
expansion takes place in this neighbourhood:

J(z(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ), \varepsilon ) = J0(z0(\cdot , cr)) + J1(z0(\cdot , cr), u1(\cdot , \varepsilon ))

+ J2(z0(\cdot , cr), u1(\cdot , \varepsilon ), u2(\cdot , \varepsilon )) + . . .

+ Jk(z0(\cdot , cr), u1(\cdot , \varepsilon ), u2(\cdot , \varepsilon ), . . . , uk(\cdot , \varepsilon )) + . . . .

The expansions of many nonlinear functions and formulas for their calculation are presented in
the articles [9 – 11]. Necessary conditions for the existence of a solution of the problem (1), (2)
in the critical case are defined by the following lemma. The proof of the lemma is similar to
[1, 3, 5, 12].

Lemma. Suppose that for the boundary-value problem (1), (2) there is a critical (PQ\ast \not = 0)
case and the condition (4) is satisfied for the solvability of the generating problem (3). Let us
also assume that the problem (1), (2) has a solution that for \varepsilon = 0 transforms into the generating
z0
\bigl( 
t, c\ast r

\bigr) 
. Then the vector c\ast r \in \BbbR r satisfies the equation

F0(cr) := PQ\ast 
d

\bigl\{ 
J0(z0(\cdot , cr)) - \ell K[A0(z0(s, cr))](\cdot )

\bigr\} 
= 0. (5)

By analogy with the weakly nonlinear boundary-value problems in the critical case [1],
the equation (5) will be called the equation for the generating constants of the boundary-value
problem (1), (2) unsolved with respect to the derivative. Let us assume that the equation (5) has
real roots and does not transform into an identity [13, 14]. Fixing one of the solutions c\ast r \in \BbbR r of
the equation (5), we come to the problem of finding analytical solutions of the boundary-value
problem (1), (2) in a small neighborhood of the solution

z0
\bigl( 
t, c\ast r

\bigr) 
= Xr(t)c

\ast 
r +G[f(s);\alpha ](t), c\ast r \in \BbbR r,

of the generating problem (3). The first approximation to the solution of the nonlinear boundary-
value problem (1), (2) unsolved with respect to the derivative in the critical case

z1(t, \varepsilon ) := z0
\bigl( 
t, c\ast r

\bigr) 
+ u1(t, \varepsilon ), u1(t, \varepsilon ) = Xr(t)c1 + \varepsilon G

\bigl[ 
A0

\bigl( 
z0(s, c

\ast 
r)
\bigr) 
; J0
\bigl( 
z0
\bigl( 
\cdot , c\ast r

\bigr) \bigr) \bigr] 
(t)

determines the solution of the nonlinear boundary-value problem of the first approximation

du1(t, \varepsilon )

dt
= A(t)u1(t, \varepsilon ) + \varepsilon A0

\bigl( 
z0
\bigl( 
t, c\ast r

\bigr) \bigr) 
, \ell u1(\cdot , \varepsilon ) = \varepsilon J0

\bigl( 
z0
\bigl( 
\cdot , c\ast r

\bigr) \bigr) 
.

The solvability of the first approximation boundary-value problem is guaranteed by the choice
of the solution c\ast r \in \BbbR r of the equation (5). The second approximation to the solution of the
nonlinear boundary-value problem (1), (2) unsolved with respect to the derivative in the critical
case

z2(t, \varepsilon ) := z0
\bigl( 
t, c\ast r

\bigr) 
+ u1(t, \varepsilon ) + u2(t, \varepsilon )

determines the solution of the nonlinear periodic boundary-value problem of the second approxi-
mation

du2(t, \varepsilon )

dt
= A(t)u2(t, \varepsilon ) + \varepsilon A1

\bigl( 
z0
\bigl( 
t, c\ast r

\bigr) 
, u1(t, \varepsilon )

\bigr) 
, \ell u2(\cdot , \varepsilon ) = \varepsilon J1

\bigl( 
z0
\bigl( 
\cdot , c\ast r

\bigr) 
, u1(\cdot , \varepsilon )

\bigr) 
,
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where

u2(t, \varepsilon ) = Xr(t)c2 + \varepsilon G
\bigl[ 
A1

\bigl( 
z0
\bigl( 
s, c\ast r

\bigr) 
, u1(s, \varepsilon )

\bigr) 
; J1
\bigl( 
z0
\bigl( 
\cdot , c\ast r

\bigr) 
, u1(\cdot , \varepsilon )

\bigr) \bigr] 
(t), c2 \in \BbbR r.

In a small neighborhood of the generating solution z0
\bigl( 
t, c\ast r

\bigr) 
, the following expansion is valid:

Z
\bigl( 
z0
\bigl( 
t, c\ast r

\bigr) 
+ x(t, \varepsilon ), z\prime 0

\bigl( 
t, c\ast r

\bigr) 
+ x\prime (t, \varepsilon ), t, \varepsilon 

\bigr) 
= Z

\bigl( 
z0
\bigl( 
t, c\ast r

\bigr) 
, z\prime 0
\bigl( 
t, c\ast r

\bigr) 
, t, 0

\bigr) 
+\scrA 1(t)x(t, \varepsilon )

+\scrA 2(t)x
\prime (t, \varepsilon ) + \varepsilon \scrA 3(t) +R

\bigl( 
z0
\bigl( 
t, c\ast r

\bigr) 
+ x(t, \varepsilon ), z\prime 0

\bigl( 
t, c\ast r

\bigr) 
+ x\prime (t, \varepsilon ), t, \varepsilon 

\bigr) 
,

where

\scrA 1(t) :=
\partial Z(z, z\prime , t, \varepsilon )

\partial z

\bigm| \bigm| \bigm| \bigm| z=z0(t,c\ast r),
z\prime =z\prime 0(t,c

\ast 
r),

\varepsilon =0,

\scrA 2(t) :=
\partial Z(z, z\prime , t, \varepsilon )

\partial z\prime 

\bigm| \bigm| \bigm| \bigm| z=z0(t,c\ast r),
z\prime =z\prime 0(t,c

\ast 
r),

\varepsilon =0,

\scrA 3(t) :=
\partial Z(z, z\prime , t, \varepsilon )

\partial \varepsilon 

\bigm| \bigm| \bigm| \bigm| z=z0(t,c\ast r),
z\prime =z\prime 0(t,c

\ast 
r),

\varepsilon =0.

Under the assumption of sufficient smallness of x, x\prime and \varepsilon the residual

R1

\bigl( 
z0
\bigl( 
t, c\ast r

\bigr) 
+ x(t, \varepsilon ), z\prime 0

\bigl( 
t, c\ast r

\bigr) 
+ x\prime (t, \varepsilon ), t, \varepsilon 

\bigr) 
of the higher order in the neighborhood of the points x = 0, x\prime = 0 and \varepsilon = 0 for the first four
terms of the expansion for

R(z, z\prime , t, \varepsilon )
\bigm| \bigm| 
z=z0(t,c\ast r),
z\prime =z\prime 0(t,c

\ast 
r),

\varepsilon =0,

\equiv 0,
\partial R(z, z\prime , t, \varepsilon )

\partial z

\bigm| \bigm| \bigm| \bigm| z=z0(t,c\ast r),
z\prime =z\prime 0(t,c

\ast 
r),

\varepsilon =0

\equiv 0,

\partial R(z, z\prime , t, \varepsilon )

\partial z\prime 

\bigm| \bigm| \bigm| \bigm| z=z0(t,c\ast r),
z\prime =z\prime 0(t,c

\ast 
r),

\varepsilon =0

\equiv 0,
\partial R(z, z\prime , t, \varepsilon )

\partial \varepsilon 

\bigm| \bigm| \bigm| \bigm| z=z0(t,c\ast r),
z\prime =z\prime 0(t,c

\ast 
r),

\varepsilon =0

\equiv 0.

In a small neighborhood of the generating solution z0
\bigl( 
t, c\ast r

\bigr) 
, the following expansion is valid:

J
\bigl( 
z0
\bigl( 
\cdot , c\ast r

\bigr) 
+ x(\cdot , \varepsilon ), z\prime 0

\bigl( 
\cdot , c\ast r

\bigr) 
+ x\prime (\cdot , \varepsilon ), \varepsilon 

\bigr) 
= J

\bigl( 
z0
\bigl( 
\cdot , c\ast r

\bigr) 
, z\prime 0
\bigl( 
\cdot , c\ast r

\bigr) 
, 0
\bigr) 
+ \ell 1 x(\cdot , \varepsilon )

+ \ell 2 x
\prime (\cdot , \varepsilon ) + \varepsilon \ell 3

\bigl( 
z0
\bigl( 
\cdot , c\ast r

\bigr) \bigr) 
+ \scrJ (z(\cdot , \varepsilon ) + x(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ) + x\prime (\cdot , \varepsilon ), \varepsilon ).

Here,

\ell 1x(\cdot , \varepsilon ) :=
\partial J(z(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ), \varepsilon )

\partial z

\bigm| \bigm| \bigm| \bigm| z(\cdot ,\varepsilon )=z0(t,c\ast r),
z\prime (\cdot ,\varepsilon )=z\prime 0(t,c

\ast 
r),

\varepsilon =0,

\ell 2x(\cdot , \varepsilon ) :=
\partial J(z(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ), \varepsilon )

\partial z\prime 

\bigm| \bigm| \bigm| \bigm| z(\cdot ,\varepsilon )=z0(t,c\ast r),
z\prime (\cdot ,\varepsilon )=z\prime 0(t,c

\ast 
r),

\varepsilon =0,
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\ell 3
\bigl( 
z0
\bigl( 
\cdot , c\ast r

\bigr) \bigr) 
:=

\partial J(z(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ), \varepsilon )
\partial \varepsilon 

\bigm| \bigm| \bigm| \bigm| z(\cdot ,\varepsilon )=z0(t,c\ast r),
z\prime (\cdot ,\varepsilon )=z\prime 0(t,c

\ast 
r),

\varepsilon =0

are Frechet derivatives of the vector functional

J(z(\cdot , \varepsilon ) + x(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ) + x\prime (\cdot , \varepsilon ), \varepsilon ).

Under the assumption of sufficient smallness of x, x\prime and \varepsilon the residual

\scrJ (z(\cdot , \varepsilon ) + x(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ) + x\prime (\cdot , \varepsilon ), \varepsilon )

of the higher order in the neighborhood of the points x = 0, x\prime = 0 and \varepsilon = 0 for the first four
terms of the expansion for

\scrJ (z(\cdot , \varepsilon ) + x(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ) + x\prime (\cdot , \varepsilon ), \varepsilon )
\bigm| \bigm| \bigm| z=z0(t,c\ast r),
z\prime =z\prime 0(t,c

\ast 
r),

\varepsilon =0

\equiv 0,

\partial \scrJ (z(\cdot , \varepsilon ) + x(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ) + x\prime (\cdot , \varepsilon ), \varepsilon )
\partial z

\bigm| \bigm| \bigm| \bigm| z=z0(t,c\ast r),
z\prime =z\prime 0(t,c

\ast 
r),

\varepsilon =0

\equiv 0,

\partial \scrJ (z(\cdot , \varepsilon ) + x(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ) + x\prime (\cdot , \varepsilon ), \varepsilon )
\partial z\prime 

\bigm| \bigm| \bigm| \bigm| z=z0(t,c\ast r),
z\prime =z\prime 0(t,c

\ast 
r),

\varepsilon =0

\equiv 0,

\partial \scrJ (z(\cdot , \varepsilon ) + x(\cdot , \varepsilon ), z\prime (\cdot , \varepsilon ) + x\prime (\cdot , \varepsilon ), \varepsilon )
\partial \varepsilon 

\bigm| \bigm| \bigm| \bigm| z=z0(t,c\ast r),
z\prime =z\prime 0(t,c

\ast 
r),

\varepsilon =0

\equiv 0.

Define the (d\times r)-dimensional matrix

B0 := PQ\ast 
d

\bigl\{ 
\ell 1Xr(\cdot ) + \ell 2X

\prime 
r(\cdot ) - \ell K

\bigl[ 
\scrA 1(s)Xr(s) +\scrA 2(s)X

\prime 
r(s)

\bigr] 
(\cdot )
\bigr\} 
.

The traditional condition for the solvability of the problem (1), (2) unsolved with respect to
the derivative, in the small neighborhood of the solution of the generating problem (3) is the
requirement of simplicity of roots [1, 5, 12]

PB\ast 
0
PQ\ast 

d
= 0 (6)

of the equations (3) of the generating amplitudes of the problem (1), (2). Here, PB\ast 
0
is a (d\times d)-

dimensional orthoprojector matrix
\BbbR d \rightarrow \BbbN 

\bigl( 
B\ast 

0

\bigr) 
.

The condition for solvability of the boundary-value problem of the second approximation

F1(c1) := PQ\ast 
d

\bigl\{ 
J1
\bigl( 
z0
\bigl( 
\cdot , c\ast r

\bigr) 
, u1(\cdot , \varepsilon )

\bigr) 
 - \ell K

\bigl[ 
A1

\bigl( 
z0
\bigl( 
s, c\ast r

\bigr) 
, u1(s, \varepsilon )

\bigr) \bigr] 
(\cdot )
\bigr\} 
= 0

is a linear equation
F1(c1) = B0 c1 + d1 = 0,
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which is solvable under the condition (6). Indeed, let us denote the vector function [15]

v(t, \mu ) := z0
\bigl( 
t, c\ast r

\bigr) 
+ \mu u1(t, \varepsilon ) + . . .+ \mu k uk(t, \varepsilon ) + . . . ,

while

F1(c1) := PQ\ast 
d

\bigl\{ 
J1
\bigl( 
z0
\bigl( 
\cdot , c\ast r

\bigr) 
, u1(\cdot , \varepsilon )

\bigr) 
 - \ell K

\bigl[ 
A1

\bigl( 
z0
\bigl( 
s, c\ast r

\bigr) 
, u1(s, \varepsilon )

\bigr) \bigr] 
(\cdot )
\bigr\} 

= PQ\ast 
d

\bigl\{ 
J \prime 
\mu (v(\cdot , \varepsilon ), v\prime (\cdot , \varepsilon ), \varepsilon ) - \ell K

\bigl[ 
Z \prime 
\mu (v(s, \mu ), v

\prime (s, \mu ), s, \varepsilon ))
\bigr] 
(\cdot )
\bigr\} \bigm| \bigm| \bigm| 

\mu =0

= PQ\ast 
d

\bigl\{ 
\ell 1 u1(\cdot , \varepsilon ) + \ell 2 u

\prime 
1(\cdot , \varepsilon ) - \ell K

\bigl[ 
\scrA 1(s)u1(s, \varepsilon ) +\scrA 2(s)u

\prime 
1(s, \varepsilon )

\bigr] 
(\cdot )
\bigr\} 
.

Hence,
B0 = F \prime 

1(c1).

Thus, under the condition (6), we obtain at least one solution of the first approximation boundary-
value problem

u1(t, \varepsilon ) = Xr(t) c1 + \varepsilon G
\bigl[ 
A0

\bigl( 
z0
\bigl( 
s, c\ast r

\bigr) \bigr) 
; J0
\bigl( 
z0
\bigl( 
\cdot , c\ast r

\bigr) \bigr) \bigr] 
(t), c1 =  - B+

0 d1;

here
d1 := F1(c1) - B0 c1.

Conditions of solvability

Fj(cj) := PQ\ast 
d

\Bigl\{ 
Jj(z0(\cdot , cr), u1(\cdot , \varepsilon ), u2(\cdot , \varepsilon ), . . . , uj(\cdot , \varepsilon ))

 - \ell K
\bigl[ 
Aj

\bigl( 
z0
\bigl( 
s, c\ast r

\bigr) 
, u1(s, c1), . . . , uj(s, cj)

\bigr) \bigr] 
(\cdot )
\Bigr\} 
= 0, j = 1, 2, . . . , k,

for the boundary-value problems of the approximations

duj(t, \varepsilon )

dt
= A(t)uj(t, \varepsilon ) + \varepsilon Aj

\bigl( 
z0
\bigl( 
t, c\ast r

\bigr) 
, u1(t, \varepsilon ), . . . , uj(t, \varepsilon )

\bigr) 
,

\ell uj(\cdot , \varepsilon ) = \varepsilon Jj(z0(\cdot , cr), u1(\cdot , \varepsilon ), u2(\cdot , \varepsilon ), . . . , uj(\cdot , \varepsilon ))

are given by the linear equations

Fj(cj) = B0 cj + dj = 0; (7)

here
B0 = F \prime (cj) \in \BbbR d\times r, dj := F (cj) - B0 cj , j = 1, 2, . . . , k.

In the case of (6) equation (7) is solvable. In the case of (6) the sequence of approximations
to the solution of the nonlinear boundary-value problem (1), (2) unsolved with respect to the
derivative in a small neighborhood of the solution of the generating problem (3) is determined
by the iterative scheme

z1(t, \varepsilon ) := z0
\bigl( 
t, c\ast r

\bigr) 
+ u1(t, \varepsilon ), c1 =  - B+

0 d1,

u1(t, \varepsilon ) = Xr(t) c1 + \varepsilon G
\bigl[ 
A0

\bigl( 
z0
\bigl( 
s, c\ast r

\bigr) \bigr) 
; J0
\bigl( 
z0
\bigl( 
\cdot , c\ast r

\bigr) \bigr) \bigr] 
(t), . . . ,
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zk+1(t, \varepsilon ) := z0
\bigl( 
t, c\ast r

\bigr) 
+ u1(t, \varepsilon ) + . . .+ uk+1(t, \varepsilon ), (8)

uk+1(t, \varepsilon ) = Xr(t) ck+1 + \varepsilon G
\Bigl[ 
Ak

\bigl( 
z0
\bigl( 
s, c\ast r

\bigr) 
, u1(s, \varepsilon ), . . . , uk(s, \varepsilon )

\bigr) 
,

Jk
\bigl( 
z0
\bigl( 
\cdot , c\ast r

\bigr) 
, u1(\cdot , \varepsilon ), u2(\cdot , \varepsilon ), . . . , uk(\cdot , \varepsilon )

\bigr) \Bigr] 
(t),

ck =  - B+
0 dk, k = 0, 1, 2, . . . .

The interval of values of the small parameter \varepsilon \in [0, \varepsilon 0], 0 \leq \varepsilon \ast \leq \varepsilon 0, for which the convergence
of the iterative scheme (8) to the solution of the nonlinear boundary-value problem (1), (2)
unsolved with respect to the derivative, can be evaluated similarly to [1, 11, 15 – 17]. Thus, the
following theorem is proved.

Theorem. Suppose that for the boundary-value problem (1), (2) unsolved with respect to
the derivative there exists a critical (PQ\ast \not = 0) case and the condition (4) of solvability of the
generating problem (3) is satisfied. Let us also assume that equation (5) does not transform into
an identity and has real solutions. Then for each root c\ast r \in \BbbR r of the equation (5) under the
condition (6), the boundary-value problem (1), (2) unsolved with respect to the derivative has at
least one analytical solution, which, for \varepsilon = 0, transforms into a generating solution

z0
\bigl( 
t, c\ast r

\bigr) 
= Xr(t)c

\ast 
r +G[f(s);\alpha ](t).

This solution can be determined by using the iterative process (8). If there exists a constant
0 < \gamma < 1 for \varepsilon \in 

\bigl[ 
0, \varepsilon \ast 

\bigr] 
for which the inequality

\| u1(t, \varepsilon )\| \leq \gamma 
\bigm\| \bigm\| z0\bigl( t, c\ast r\bigr) \bigm\| \bigm\| , \| uk+1(t, \varepsilon )\| \leq \gamma \| uk(t, \varepsilon )\| , k = 1, 2, . . . , (9)

holds, then the iterative scheme (8) converges to the solution of the nonlinear boundary-value
problem (1), (2) unsolved with respect to the derivative.

In the case of m = n, for example, for periodic boundary-value problems, the matrix
B0 becomes square, and condition (6) transforms into the well-known [1, 16] requirement of
nondegeneracy of the matrix B0. Under the condition (6) we say that for the boundary-value
problem (1), (2) unsolved with respect to the derivative, there is a critical case of the first order.
In the case of PB\ast 

0
PQ\ast 

d
\not = 0 for the boundary-value problem (1), (2) there is a critical case of the

second or higher order [1, 18]. The proved theorem generalizes the results of [1, 2] to the case of
a nonlinear boundary-value problem unsolved with respect to the derivative.

3. A periodic problem for a Rayleigh-type equation unsolved with respect to the deriv-
ative. Wewill demonstrate a scheme for constructing solutions of the boundary-value problem (1),
(2) unsolved with respect to the derivative on the example of a T -periodic problem for the
Rayleigh-type equation unsolved with respect to the highest derivative [19, p. 177]

y\prime \prime = f(t) + \varepsilon Y
\bigl( 
y, y\prime , y\prime \prime , t, \varepsilon 

\bigr) 
. (10)

Here, Y (y, y\prime , y\prime \prime , t, \varepsilon ) is a nonlinear scalar function analytic in the unknown y and its derivatives
y\prime and y\prime \prime in a small neighborhood of the solution of the generating problem, continuous in t on
the interval [0, T ] and continuous in a small parameter \varepsilon on the interval [0, \varepsilon 0]. The generating
T -periodic problem

y\prime \prime 0 = f(t), y(0) - y(T ) = 0, y\prime (0) - y\prime (T ) = 0
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is critical

X(t) =

\Biggl( 
1 t

0 1

\Biggr) 
, Q =

\Biggl( 
0  - 2\pi 

0 0

\Biggr) 
, Xr(t) =

\Biggl( 
1

0

\Biggr) 
.

Let us assume that the generating T -periodic problem is solvable. For this, the following equality
is fulfilled:

T\int 
0

f(t) dt = 0.

If this requirement is fulfilled, then the solution of the generating problem has the form

y0(t, c0) = c0 + g[f(s)](t), c0 \in \BbbR 1,

where

g[f(s)](t) := k[f(s)](t) - t

T

T\int 
0

(T  - s)f(s) ds

is the Green’s operator of the generating T -periodic problem and

k[f(s)](t) :=

t\int 
0

(t - s)f(s) ds

is the Green’s operator of the Cauchy problem. We will search the periodic solutions of the
Rayleigh type equation (10) in the neighborhood of the solution y0(t, c0) of the linear part of
this equation. Let us assume that the equation for the generating amplitudes in the case of a
T -periodic problem for a Rayleigh-type equation

F0(c0) :=

T\int 
0

Y
\bigl( 
y0(t, c0), y

\prime 
0(t, c0), y

\prime \prime 
0(t, c0), t, 0

\bigr) 
dt = 0

has a simple
B0 := F \prime (c\ast 0) \not = 0

real root c\ast 0 \in \BbbR 1. To find a periodic solution of the Rayleigh type equation (10), we can
use the Adomian decomposition method [9 – 12]. The periodic solution of the Rayleigh-type
equation (10) in the critical case is given by

y(t, \varepsilon ) := y0
\bigl( 
t, c\ast 0

\bigr) 
+ u1(t, \varepsilon ) + . . .+ uk(t, \varepsilon ) + . . . .

The nonlinear vector function Y (z, z\prime , t, \varepsilon ) is analytical in terms of the unknown y and its
derivatives y\prime and y\prime \prime in the neighborhood of the solution of the generating problem, so in this
neighborhood there is a decomposition [9, p. 502]

Y (y(t, \varepsilon ), y\prime (t, \varepsilon ), t, \varepsilon ) = A0

\bigl( 
y0
\bigl( 
t, c\ast 0

\bigr) \bigr) 
+A1

\bigl( 
y0
\bigl( 
t, c\ast 0

\bigr) 
, u1(t, \varepsilon ), \varepsilon 

\bigr) 
+A2

\bigl( 
y0
\bigl( 
t, c\ast 0

\bigr) 
, u1(t, \varepsilon ), u2(t, \varepsilon ), \varepsilon 

\bigr) 
+ . . .

+An

\bigl( 
y0
\bigl( 
t, c\ast 0

\bigr) 
, u1(t, \varepsilon ), . . . , un(t, \varepsilon ), \varepsilon 

\bigr) 
+ . . . .

ISSN 1562-3076. Нелiнiйнi коливання, 2024, т. 27, № 3



308 PETER BENNER, SERGII CHUIKO, OLGA NESMELOVA

In the small neighborhood of the generating solution z0
\bigl( 
t, c\ast r

\bigr) 
there is also a decomposition

Y
\bigl( 
y0
\bigl( 
t, c\ast r

\bigr) 
+ x(t, \varepsilon ), y\prime 0

\bigl( 
t, c\ast r

\bigr) 
+ x\prime (t, \varepsilon ), y\prime \prime 0

\bigl( 
t, c\ast r

\bigr) 
+ x\prime \prime (t, \varepsilon ), t, \varepsilon 

\bigr) 
= Y

\bigl( 
y0
\bigl( 
t, c\ast r

\bigr) 
, y\prime 0
\bigl( 
t, c\ast r

\bigr) 
, y\prime \prime 0
\bigl( 
t, c\ast r

\bigr) 
, t, 0

\bigr) 
+ \frakA 1(t)x(t, \varepsilon ) + \frakA 2(t)x

\prime (t, \varepsilon )

+ \frakA 3(t)x
\prime \prime (t, \varepsilon ) + \varepsilon \frakA 4(t) +R

\bigl( 
y0
\bigl( 
t, c\ast r

\bigr) 
+ x(t, \varepsilon ), y\prime 0

\bigl( 
t, c\ast r

\bigr) 
+ x\prime (t, \varepsilon ), t, \varepsilon 

\bigr) 
,

where

\frakA 1(t) :=
\partial Y (y, y\prime , y\prime \prime , t, \varepsilon )

\partial y

\bigm| \bigm| \bigm| \bigm| y=y0(t,c\ast r),
y\prime =y\prime 0(t,c

\ast 
r),

y\prime \prime =y\prime \prime 0 (t,c
\ast 
r),

\varepsilon =0,

\frakA 2(t) :=
\partial Y (y, y\prime , y\prime \prime , t, \varepsilon )

\partial y\prime 

\bigm| \bigm| \bigm| \bigm| y=y0(t,c\ast r),
y\prime =y\prime 0(t,c

\ast 
r),

y\prime =y\prime \prime 0 (t,c
\ast 
r),

\varepsilon =0,

\frakA 3(t) :=
\partial Y (y, y\prime , y\prime \prime , t, \varepsilon )

\partial y\prime \prime 

\bigm| \bigm| \bigm| \bigm| y=y0(t,c\ast r),
y\prime =y\prime 0(t,c

\ast 
r),

y\prime \prime =y\prime \prime 0 (t,c
\ast 
r),

\varepsilon =0,

\frakA 4(t) :=
\partial Y (y, y\prime , y\prime \prime , t, \varepsilon )

\partial \varepsilon 

\bigm| \bigm| \bigm| \bigm| y=y0(t,c\ast r),
y\prime =y\prime 0(t,c

\ast 
r),

y\prime \prime =y\prime \prime 0 (t,c
\ast 
r),

\varepsilon =0.

Denote the constant matrix

\frakB 0 := \ell K
\bigl[ 
\frakA 1(s)Xr(s) + \frakA 2(s)X

\prime 
r(s) + \frakA 3(s)X

\prime \prime 
r (s)

\bigr] 
(\cdot ).

In the case of a periodic problem for a Rayleigh-type equation (10), the requirement (6) takes the
form

\frakB 0 \not = 0,

while equation (7) is uniquely solvable. In the case of (6), as in the Theorem, the sequence of
approximations to the solution of a periodic problem for a Rayleigh-type equation (10) unsolved
with respect to the derivative in a small neighborhood of the solution of the generating problem
is determined by the iterative scheme

y1(t, \varepsilon ) := z0
\bigl( 
t, c\ast r

\bigr) 
+ u1(t, \varepsilon ), c1 =  - B - 1

0 d1,

u1(t, \varepsilon ) = Xr(t)c0 + \varepsilon G[A0(y0(s, c
\ast 
0))](t), . . . ,

yk+1(t, \varepsilon ) := y0
\bigl( 
t, c\ast 0

\bigr) 
+ u1(t, \varepsilon ) + . . .+ uk+1(t, \varepsilon ), (11)

yk+1(t, \varepsilon ) = Xr(t)ck+1 + \varepsilon G
\bigl[ 
Ak

\bigl( 
y0
\bigl( 
s, c\ast r

\bigr) 
, u1(s, \varepsilon ), . . . , uk(s, \varepsilon )

\bigr) \bigr] 
(t),

ck =  - B - 1
0 dk, k = 0, 1, 2, . . . .

The interval of values of the small parameter \varepsilon \in [0, \varepsilon 0], 0 \leq \varepsilon \ast \leq \varepsilon 0, for which the iterative
scheme (11) converges to the solution of the periodic problem for the Rayleigh-type equation (10)
unsolved with respect to the derivative, can be evaluated similarly to [1, 11, 15 – 17]. Thus, the
following statement is proved.

Corollary. For a periodic problem for a Rayleigh-type equation (10) unsolved with respect
to the derivative, there is a critical (PQ\ast \not = 0) case. Suppose that the condition (4) of solvability
of the generating problem (3) is satisfied. Let us also assume that the equation (5) does not turn
into an identity and has real solutions. Then for each root c\ast 0 \in \BbbR 1 of equation (5), under the
condition (6), the periodic problem for the Rayleigh-type equation (10) unsolved with respect to
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the derivative has a single analytical solution, which, for \varepsilon = 0, transforms into a generating
solution

y0
\bigl( 
t, c\ast 0

\bigr) 
= Xr(t)c

\ast 
0 + g[f(s)](t).

This solution can be determined, by using the iterative process (11). If there exists a constant
0 < \gamma < 1, for \varepsilon \in 

\bigl[ 
0, \varepsilon \ast 

\bigr] 
such that the inequalities

\| u1(t, \varepsilon )\| \leq \gamma 
\bigm\| \bigm\| y0\bigl( t, c\ast 0\bigr) \bigm\| \bigm\| , \| uk+1(t, \varepsilon )\| \leq \gamma \| uk(t, \varepsilon )\| , k = 1, 2, . . . ,

hold, then the iterative scheme (11) converges to the solution of a periodic problem for a
Rayleigh-type equation (10) unsolved with respect to the derivative.

Let us apply the found conditions of solvability of the T -periodic boundary-value problem
for the Rayleigh-type equation (10) unsolved with respect to the derivative to the 2\pi -periodic
boundary-value problem for the equation that determines the satellite motion [2].

Example. The conditions of the proved corollary are satisfied in the case of a 2\pi -periodic
boundary-value problem for the equation that determines the motion of a satellite in an elliptical
orbit

y\prime \prime = \varepsilon Y
\bigl( 
y, y\prime , y\prime \prime , t, \varepsilon 

\bigr) 
, (12)

where in particular

Y
\bigl( 
y, y\prime , y\prime \prime , t, \varepsilon 

\bigr) 
:= 4 sin t - sin y + 2 y\prime sin t - y\prime \prime cos t.

The equation of the generating amplitudes in the case of a T -periodic boundary-value problem
for the Rayleigh-type equation (12) unsolved with respect to the derivative has simple

B0 =  - 2\pi \not = 0

real root c\ast 0 = 0. Periodic solutions of the Rayleigh-type equation (12) unsolved with respect to
the derivative will be sought in the neighborhood of the solution y0(t, c0) \equiv 0 of the linear part
of this equation. The periodic problem for the first approximation equation is solvable due to the
equality F0(c

\ast 
0) = 0. By using the iterative scheme (11), we obtain

y1(t, \varepsilon ) := y0
\bigl( 
t, c\ast 0

\bigr) 
+ u1(t, \varepsilon ), u1(t, \varepsilon ) = c1 + \varepsilon g[A0(y0(s, c

\ast 
0))](t) =  - 4 \varepsilon sin t.

Here,
A0

\bigl( 
y0
\bigl( 
t, c\ast 0

\bigr) \bigr) 
= 4 sin t, c1 = 0.

In the second step, we obtain

y2(t, \varepsilon ) := y0
\bigl( 
t, c\ast 0

\bigr) 
+ u1(t, \varepsilon ) + u2(t, \varepsilon ),

where
u2(t, \varepsilon ) = c2 + \varepsilon g[A1(y0(s, c

\ast 
0), u1(s, \varepsilon ))](t) = \varepsilon 2 (3 cos t - 4) sin t,

in addition
A1

\bigl( 
y0
\bigl( 
t, c\ast 0

\bigr) 
, u1(t, \varepsilon )

\bigr) 
= 4\varepsilon (1 - 3 cos t) sin t, c2 = 0.

At the third step, we get

y3(t, \varepsilon ) := y0
\bigl( 
t, c\ast 0

\bigr) 
+ u1(t, \varepsilon ) + u2(t, \varepsilon ) + u3(t, \varepsilon ),
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where

u3(t, \varepsilon ) = c3 + \varepsilon g[A2(y0(s, c
\ast 
0), u1(s, \varepsilon ), u2(s, \varepsilon ))](t) =  - \varepsilon 3

24
(96 sin t - 45 sin 2t+ 16 sin 3t),

in addition

A2

\bigl( 
y0
\bigl( 
t, c\ast 0

\bigr) 
, u1(t, \varepsilon ), u2(t, \varepsilon )

\bigr) 
= \varepsilon 2 (10 - 15 cos t+ 12 cos 2t) sin t, c3 = 0.

At the fourth step, we have

y4(t, \varepsilon ) := y0
\bigl( 
t, c\ast 0

\bigr) 
+ u1(t, \varepsilon ) + u2(t, \varepsilon ) + u3(t, \varepsilon ) + u4(t, \varepsilon ),

where

u4(t, \varepsilon ) = c4 + \varepsilon g[A3(y0(s, c
\ast 
0), u1(s, \varepsilon ), u2(s, \varepsilon ), u3(s, \varepsilon ))](t)

=  - \varepsilon 4

864
(3456 sin t+ 1917 sin 2t - 1040 sin 3t+ 270 sin 4t), c4 = 0,

in addition

A3

\bigl( 
y0
\bigl( 
t, c\ast 0

\bigr) 
, u1(t, \varepsilon ), u2(t, \varepsilon ), u3(t, \varepsilon )

\bigr) 
=  - \varepsilon 3

12
( - 82 + 333 cos t - 260 cos 2t+ 120 cos 3t) sin t.

For the approximations to the periodic solution, found by using the iterative scheme (11) of the
Rayleigh-type equation (12) unsolved with respect to the derivative for \varepsilon 0 = 0,1, the inequalities
hold

\| uk+1(t, \varepsilon )\| \BbbC [0,2\pi ] \leq \gamma \| uk(t, \varepsilon )\| \BbbC [0,2\pi ], \gamma \approx 0,119 443 \ll 1, k = 1, 2, 3,

therefore, we can talk about the practical convergence of the iterative scheme (11) to a periodic
solution of the Rayleigh-type equation (12) unsolved with respect to the derivative. Since for
\varepsilon \in [0; 0,75] the following inequalities hold:

\| uk+1(t, \varepsilon )\| \BbbC [0,2\pi ] \leq \gamma \| uk(t, \varepsilon )\| \BbbC [0,2\pi ], \gamma \approx 0,895 822 < 1, k = 1, 2, 3,

the interval of values of the small parameter \varepsilon \in [0, \varepsilon 0], 0 \leq \varepsilon \ast \leq \varepsilon 0, for which the convergence
of the iterative scheme (11) to the solution of the periodic problem for the Rayleigh-type equati-
on (10) is preserved, can be estimated as \varepsilon \in [0, 0,75].

The accuracy of the approximations to the periodic solution of the Rayleigh-type equati-
ons (12), found by using the iterative scheme (11), is characterized by the residuals

\Delta k(\varepsilon ) :=
\bigm\| \bigm\| y\prime \prime k(t, \varepsilon ) - \varepsilon Y (yk(t, \varepsilon ), y

\prime 
k(t, \varepsilon ), y

\prime \prime 
k(t, \varepsilon ), t, \varepsilon )

\bigm\| \bigm\| 
\BbbC [0;2\pi ], k = 0, 1, 2, 3, 4.

In particular,

\Delta 0(0,1) \approx 0,4, \Delta 1(0,1) \approx 0,0892 783, \Delta 2(0,1) \approx 0,0148 584,

\Delta 3(0,1) \approx 0,00201 539, \Delta 4(0,1) \approx 0,000 613 871,

\Delta 0(0,01) \approx 0,04, \Delta 1(0,01) \approx 0,000 897 698, \Delta 2(0,01) \approx 0,0000 151 976,

\Delta 3(0,01) \approx 2,08 430\times 10 - 7, \Delta 4(0,01) \approx 5,52 017\times 10 - 9.
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We have obtained constructive necessary and sufficient conditions for solvability and a scheme
for constructing solutions of the nonlinear boundary-value problem (1), (2) unsolved with respect
to the derivative. An iterative scheme (8) was constructed to find a solution to this problem. In
difference from the results of [5], to find approximations to the solutions of a nonlinear boundary-
value problem unsolvedwith respect to the derivative, we use the Adomian decompositionmethod
rather than the method of simple iterations.

The effectiveness of the found conditions of solvability and the scheme for constructing
solutions of the nonlinear boundary-value problem (1), (2) is demonstrated on the example of
a periodic boundary-value problem for the equation (12), which determines the motion of a
satellite [2]. When constructing approximations to the periodic solution of the Rayleigh-type
equation (12), the exact fulfillment of the conditions of solvability is ensured at each step,
which guarantees the absence of age terms. By using the example of a periodic boundary-value
problem for equation (12), we demonstrate a scheme for estimating the length of the interval
of values of the small parameter \varepsilon \in [0, \varepsilon 0], 0 \leq \varepsilon \ast \leq \varepsilon 0, for which the convergence of the
iterative scheme (11) is preserved. The obtained results continue the study of various nonlinear
boundary-value problems [1, 20].

The accuracy of the approximations to the solutions of the nonlinear boundary-value
problem (1), (2), obtained by using the iterative scheme (11), can be improved by using the
least squares method [21] and for matrix boundary-value problems [22 – 24].
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