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We find constructive necessary and sufficient conditions for solvability and a scheme for construction of
solutions of a nonlinear boundary-value problem unsolved with respect to the derivative. On the basis of the
Adomian decomposition method, convergent iterative schemes for finding approximations of solutions of
a nonlinear boundary-value problem unsolved with respect to the derivative are constructed. As examples
of the application of the constructed iterative scheme, we find approximations of the solutions of a periodic
boundary-value problem for Rayleigh-type equations unsolved with respect to the derivative including the
case of a periodic problem for the equation that determines the motion of a satellite in an elliptical orbit.

3HalieHo KOHCTPYKTUBHI HEOOXIIHI 1 JOCTATHI YMOBH PO3B’SI3HOCTI Ta CXeMy MOOYIOBH PO3B’SI3KiB He-
JIIHINHOI KpaitoBoi 3aj1adi, He po3B’s3aHoi momo noximHoi. Ha ocHOBI MeTomy mekoMIo3uIii AmgoMsHa
mo0ymoBaHo 361>KHI iTepalliiiHi cCXeMu IJIsl 3HaXOIKEeHHST HabIMKeHb O pO3B’ I3KiB HEIHIMNHOI KpaiioBoi
3aJay4i, He po3B’sI3aHOI LIOI0 MOXiTHOI. SIK MpUKIIaay 3aCTOCyBaHHs NOOYIOBaHOI iTepalliiHOI CXEMHU Oflep-
SKaHO HaOJIM>KEHHS 1O pO3B’ I3KiB MePiOTMYHIX KPaoBMX 3a0ay ISl piBHSHB TUITY Peltes, He po3B’ s13aHOTO
LIOO MOXiAHOT, 30KpeMa Y BUMAIKY MePIOAUYHOL 3a0a4i IJIs1 PiBHSIHHS, SIK€ BU3HAYAE PyX CYIIyTHHMKA Ha
ETINTUIHAN OpOITi.
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300 PETER BENNER, SERGII CHUIKO, OLGA NESMELOVA

1. Statement of the problem. We study the problem of constructing solutions
2(t,e): z(-,€) € Clla,b], =2(t,-) € C[0, 0]
of the boundary-value problem [1 —3]
2 (t,e) = A(t) 2(t,e) + f(t) + e Z(2(L,€), 2/ (t,€), t, &), (1)
2(-6) = a+ed(z(-¢),7 (-, €),€) ()

in a small neighborhood of the solution of the generating Noetherian (m # n) boundary-value
problem

() = Az2o(t) + [, t2()=a, a€R™ 3)

Here, A(t) is an (n x n)-matrix, f(t) is an n-dimensional column vector whose elements are
real functions continuous on the segment [a,b] and ¢z(-,¢) is linear and J(z(-,¢),2(+, €),¢€) is
nonlinear vector functionals

lz(-, ), J(z(-,€),7'(+,¢),¢) : Cla,b] — R™,

where the second functional is continuously differentiable in the unknowns z, 2’ and in a small
parameter ¢ in a small neighbourhood of the solution of the generating problem and its derivative
and on the interval [0, e(]. We assume that the nonlinearity Z(z, 2’,¢,¢) of the boundary-value
problem (1), (2) is analytical in the unknown z and its derivative 2z’ in a small neighborhood of the
generating solution and its derivative, and in a small parameter ¢ in a small positive neighborhood
of zero. In addition, we assume that the nonlinear vector function Z(z,z',¢,¢) is continuous in
the independent variable ¢ on the interval [a, b].

The relevance of studying the nonautonomous boundary-value problem (1), (2), unsolved
with respect to the derivative, is related to the fact that the study of the traditional problem [1],
which is solved with respect to the derivative, is sometimes complicated, for example, in the
case of nonlinearities that are not integrable in elementary functions. An example of a similar
situation is given in the articles [2, 4—6]. An example of a similar situation can also be an
autonomous boundary-value problem unsolved with respect to the derivative, in particular, the
periodic problem for the Lotka equation [3, 7].

In the article [5], the constructive necessary and sufficient conditions for solvability and the
scheme for constructing solutions to the nonlinear boundary-value problem (1), (2) are found and,
based on the method of simple iterations, a convergent iteration scheme to find approximations
to the solutions of this problem is constructed. At the same time, when constructing solutions to
the nonlinear boundary-value problem (1), (2) with the iterative scheme [5], the problem of the
impossibility of finding solutions in elementary functions once again arises, which, in turn, leads
to large errors in the solutions of nonlinear boundary-value problems.

In addition, the construction of solutions of nonlinear boundary-value problems by using the
method of simple iterations [1] is significantly complicated by the calculation of derivative nonli-
nearities. In the article [8], the acceleration of the convergence of iterative schemes is achieved
by calculating the derivatives of nonlinearities at each step. Given the above, simplification of
the calculation of derivative nonlinearities and the possibility of finding solutions of nonlinear
boundary-value problems, in particular, periodic boundary-value problems, in elementary functi-
ons can be achieved by using the Adomian decomposition method [9]. In particular, the use of
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the Adomian decomposition method significantly simplifies the proof of convergence of iterative
schemes for constructing solutions of nonlinear boundary-value problems. An example of this
simplification will be given below.

2. Conditions of solvability. We study the critical case (P~ # 0) and assume that the
condition

Po;{a— tK[f(s)]()} =0 @)
is fulfilled. In this case, the generating problem (3) has a family of solutions
20(t,er) = Xo(t)er + G[f(s);0](t), T:=n—n1, ¢ €R".

Here, X (¢) is a normal (X(a) = I,) fundamental matrix of the homogeneous part of the
system (3), @ = (X (-) is an (m x n)-dimensional matrix,

rank Q = ni, Xr(t) = X()Pg,,

Py, isan (n xr)-dimensional matrix formed from r linearly independent columns of an (n xn)-
dimensional orthoprojector matrix

PQ cR" — N(Q),

Pg- is an (d x m)-dimensional matrix formed from (d := m — ny) linearly independent rows of
an (m x m)-dimensional orthoprojector matrix

Py : R™ — N(Q").

In addition,
G[f(s);al(t) = K[f(s)](t) + X(1)Q " {a — LK [f(5)]()}

is a generalized Green’s operator of the boundary-value problem (3),

K[f(s)](t) = X (2) / XY(s)f(s) ds,

Q™ is a Moore — Penrose pseudo-inverse matrix [1]. The solution of the problem (1), (2) in the
critical case is found in the form

z(t,e) == z0(t,cr) +ur(t,e) + ... +ug(t,e) + ... .

The nonlinear vector-function Z(z,2’,t,¢) is analytical in the unknown z and its derivative 2’
in the neighborhood of the solution of the generating problem (3), so in this neighborhood the
following expansion converges [9, p. 502]:

Z(2(t,e), 2 (t,e),t,e) = Ao(z0(t, ) + A1(20(t, cr), ur(t, €), €)
+ AQ(Zo(t, cr),ul(t,z—:),ug(t,z—:),e) + ...

+ Ap(20(t, cr),ur(t,€), ... un(t,e),e) + ... .
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302 PETER BENNER, SERGII CHUIKO, OLGA NESMELOVA

The nonlinear bounded vector functional J(z(-,¢),¢) is analytical in the unknown z in a small
neighbourhood of the solution of the generating problem (3) and its derivative, so the following
expansion takes place in this neighbourhood:

J(Z('ag)vzl(‘v‘g)?a) = JO(ZO('7C7“)) + Jl(ZO(‘ch)7u1('7€))
+ Jo(20(-y ¢r)yur (s €), ua(vhe)) + ...
+ Je(z0(-y ), ur (s ), ua (€)oo uk(-e)) + ...

The expansions of many nonlinear functions and formulas for their calculation are presented in
the articles [9—11]. Necessary conditions for the existence of a solution of the problem (1), (2)
in the critical case are defined by the following lemma. The proof of the lemma is similar to
[1,3,5,12].

Lemma. Suppose that for the boundary-value problem (1), (2) there is a critical (Pg- # 0)
case and the condition (4) is satisfied for the solvability of the generating problem (3). Let us
also assume that the problem (1), (2) has a solution that for ¢ = 0 transforms into the generating
z0(t,ct). Then the vector ¢ € R" satisfies the equation

Fy(ey) := PQ;{JQ(Z()(-, cr)) — EK[AO(,ZO(S,CT))](-)} =0. 5

By analogy with the weakly nonlinear boundary-value problems in the critical case [1],
the equation (5) will be called the equation for the generating constants of the boundary-value
problem (1), (2) unsolved with respect to the derivative. Let us assume that the equation (5) has
real roots and does not transform into an identity [13, 14]. Fixing one of the solutions ¢} € R" of
the equation (5), we come to the problem of finding analytical solutions of the boundary-value
problem (1), (2) in a small neighborhood of the solution

20(t cp) = Xr(t)ei + G[f(s);al(t), ¢ eR,

of the generating problem (3). The first approximation to the solution of the nonlinear boundary-
value problem (1), (2) unsolved with respect to the derivative in the critical case

z1(t,e) i=20(t,¢f) +ur(t,e), wi(t,e) = Xo(t)er + e G[Ao(20(s,¢))); Jo(20(-, )] (2)
determines the solution of the nonlinear boundary-value problem of the first approximation

du1 (t, E)
dt

= A(t)ui(t,e) + e Ao(20(t,cf)), Lui(-,e) =eJo(20(-,cf))-

The solvability of the first approximation boundary-value problem is guaranteed by the choice
of the solution ¢! € R" of the equation (5). The second approximation to the solution of the
nonlinear boundary-value problem (1), (2) unsolved with respect to the derivative in the critical
case

2(t,€) i= 2z0(t, ) +ur(t,€) + ua(t, €)

determines the solution of the nonlinear periodic boundary-value problem of the second approxi-
mation
dUQ (t, 3 )
dt

= A(t) ug(t,e) + € A1 (20(t, ), ui(t, €)), luy (- e) =€ Ji(20(-, ¢f),wa (-, €)),
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where
u(t,e) = Xp(t)eo + e G[A1(20(s, cf) ui(s,€)); Ji(20 (s cf) ,ua (-, €)) [ (1), 2 € R
In a small neighborhood of the generating solution z (t, c;i) , the following expansion is valid:
Z(z0(t,cr) +a(t,e), 2 (t, cf) + @' (t,€), t,¢)
= Z(z0(t. ct), 2 (t, ), t,0) + A (t)z(t, €)
+ Ao (t)@' (t,€) + € A3(t) + R(20(t, cf) + x(t,€), 29 (¢, ) + ' (¢, ), t,€),

where
0Z (2,2, t,e 0Z (2,2, t,e
Ai(t) = (82') z=z0(t,c}), Az (t) = (87;’) z=zo(t,c}),
Z/:Z(l)(t:C:L Z/:Z(/)(tac:)>
e=0, e=0,
0Z (2,7 t,¢€)
A3(t) = T z=2z0(t,c}),
Z,:ZE)_(87C:)7

Under the assumption of sufficient smallness of x, 2’ and ¢ the residual
Ri(z0(t,c) +x(t,e), 2 (t, cf) + @' (t, ), t,¢)

of the higher order in the neighborhood of the points 2z = 0, 2’ = 0 and £ = 0 for the first four
terms of the expansion for

OR(z,2 ,t, ¢
/ _ I IS _
R(z,2't,€)| szg(ten), =0, (a) e=z(ter), = 05
=z(t,cr), & 2=z (t,cr),
e=0, e=0
OR(z, 7t ¢) _g OR(z, 7t ¢) _g
T Z:ZO(t’Ci)u =% T Z—Zo(t,cq,.), =
2'=zy(t,cr), 2'=z4(t,cr),
e=0 e=0

In a small neighborhood of the generating solution z (t, cj), the following expansion is valid:
J(20 () +a(8), 2 ( c7) + /(. 8) )
= (z0( )25+ €),0) + r2(-.0)
+la'(e) +els(20(cp)) + T(2( ) +a(), 2 (- e) + 2/ (), 8).

Here,
aJ(Z(-,e),z/(-,s),E)
flx(‘,a) = z(+,e)=20(t,ck),
9z SCA=zh (e,
e=0,
8‘](2('75)72/(‘75)78)
lox(y€) i= 97 2(-€)=z0(t.c}),

2 (1e) =2y (t,c7),
e=0,
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l3 (ZO ('7 C:)) = Oe : Zl((',e):_zo ((?CZ)i

2
are Frechet derivatives of the vector functional
J(z(-,e) +x(-,€), 2 (-, e) + 2/(-, €), €).
Under the assumption of sufficient smallness of x, 2’ and ¢ the residual
T (2(-,e) + 2(,€),2' (- €) + 2/ (-, ), €)

of the higher order in the neighborhood of the points = 0, 2’ = 0 and £ = 0 for the first four
terms of the expansion for

\.7(2(‘75) + .’L‘(‘,é‘), Zl('ﬂ 8) + x/(-7€)7€) Z=Zo(t7Cq’f)7 = 0’

2'=zy(t,cr),

e=0
8._7(2(',6)+£L‘(',€),Z/(',€)—I—l’/(',E),E) =0
Oz z=zo(t,cl), —
=z (ter),
e=0
8j(z(-,5)—|—x(-,6),z’(-,5)—i—:n’(-,e),e) _
0z’ 2=z(t,er), = Us
=z (ter),
e=0
8J(z(,5)+x(-,5),z(,5)+x’(,5),5) =0
Oe z=z0(t,ct), — °°
S=z(ter),
e=0

Define the (d x r)-dimensional matrix
By := Po: {01 X, () + 2 X;.(-) — LK [A1(5) X, () + Aa(s) X1.(s)] (1) }-

The traditional condition for the solvability of the problem (1), (2) unsolved with respect to
the derivative, in the small neighborhood of the solution of the generating problem (3) is the
requirement of simplicity of roots [1, 5, 12]

Pp:Pgs =0 6)

of the equations (3) of the generating amplitudes of the problem (1), (2). Here, Pp; isa (d x d)-
dimensional orthoprojector matrix
R* — N(B).

The condition for solvability of the boundary-value problem of the second approximation

Fi(e) == PQQ{Jl (zo(',c:),ul(-,s)) —IK [Al (zo (s,ci),ul(s,s))] ()} =0

is a linear equation
Fl(Cl) = BO c1 + dl = 07
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which is solvable under the condition (6). Indeed, let us denote the vector function [15]

vt p) == 20(t, ¢) + pun(t,e) + .+ pPuglt o) + ..,

while
Fi(er) == Por {1 (50 () un (- €)) — £K [y (20 (5, ¢5) s un(s,€))] ()}
= Po:{J,(v(-€), V(- ¢),6) = LK [Z),(v(s, 1), V' (5, 1), 5,€))] (-) }‘MZO
= PQ;{& ui (-, €) + oy (-, ) — LK [.Al(s)ul(s,e) + Ag(s)u’l(s,e)] (-)}.
Hence,

BO = F{(Cl)

Thus, under the condition (6), we obtain at least one solution of the first approximation boundary-
value problem

ur(t,e) = X (t) 1 + £ G[Ao(20(s,¢f)); Jo(20(+, cf)) (), a1 =—By di;

here
d1 = Fl(Cl) - Bo Cl.

Conditions of solvability
FJ(CJ) = PQ:;{‘G(’ZO(? CT)7U1('7€>7 u2('7€)7 cee 7uj('7€>)

— EK[A]- (zo(s, c:f),ul(s, €1),... ,uj(s,cj))] ()} =0, j=12,...,k,
for the boundary-value problems of the approximations

P2 Aty uy(t.2) 42 4 olto) mn(t.9). g (1,9)),
euj('?‘g) = EJj(ZO('?CT)v u(-,€),uz(€), . .. ,uj("5)>
are given by the linear equations
Fj(ej) = Bocj +dj = 0; Q)

here
By = F'(cj) € R¥>", dj:=F(c;) — Bocj, j=1,2,...,k

In the case of (6) equation (7) is solvable. In the case of (6) the sequence of approximations
to the solution of the nonlinear boundary-value problem (1), (2) unsolved with respect to the
derivative in a small neighborhood of the solution of the generating problem (3) is determined
by the iterative scheme

z1(t,e) i= 20(t, ) +ui(t, e), c1 = —Bg di,
ur(t,e) = Xo(t) e + e G[Ao(20(s,¢})); Jo(20 (- )] (), - - -,
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Zpp(t,€) = 2z0(t, k) +ur(t,e) + ...+ uppa(t, ), (8)

Wi () = Xo(t) cpp1 + £ G [Ak (20(s, 1), u(5,2), - .., u(s,€)),

Jk(ZO(‘,Ci),U1(',€),U2(',€),...,Uk;(‘,E)):|(t),
e, =—-Bfdy, k=0,1,2,....

The interval of values of the small parameter ¢ € [0, gg], 0 < &, < &, for which the convergence
of the iterative scheme (8) to the solution of the nonlinear boundary-value problem (1), (2)
unsolved with respect to the derivative, can be evaluated similarly to [1, 11, 15—17]. Thus, the
following theorem is proved.

Theorem. Suppose that for the boundary-value problem (1), (2) unsolved with respect to
the derivative there exists a critical (Pg+- # 0) case and the condition (4) of solvability of the
generating problem (3) is satisfied. Let us also assume that equation (5) does not transform into
an identity and has real solutions. Then for each root ¢ € R" of the equation (5) under the
condition (6), the boundary-value problem (1), (2) unsolved with respect to the derivative has at
least one analytical solution, which, for ¢ = 0, transforms into a generating solution

20t ¢f) = X, ()5 + GLF(s); a(0):

This solution can be determined by using the iterative process (8). If there exists a constant
0 <~ <1 fore e [0,e*] for which the inequality

HU1(t,€)H S’YHZO(t,Ci)H; Huk+1(t7€)” S’YHuk(taE)Hy k=1,2,..., (9)

holds, then the iterative scheme (8) converges to the solution of the nonlinear boundary-value
problem (1), (2) unsolved with respect to the derivative.

In the case of m = n, for example, for periodic boundary-value problems, the matrix
By becomes square, and condition (6) transforms into the well-known [1, 16] requirement of
nondegeneracy of the matrix By. Under the condition (6) we say that for the boundary-value
problem (1), (2) unsolved with respect to the derivative, there is a critical case of the first order.
In the case of Pp; Po- = ( for the boundary-value problem (1), (2) there is a critical case of the
second or higher order [1, 18]. The proved theorem generalizes the results of [1, 2] to the case of
a nonlinear boundary-value problem unsolved with respect to the derivative.

3. A periodic problem for a Rayleigh-type equation unsolved with respect to the deriv-
ative. We will demonstrate a scheme for constructing solutions of the boundary-value problem (1),
(2) unsolved with respect to the derivative on the example of a T-periodic problem for the
Rayleigh-type equation unsolved with respect to the highest derivative [19, p. 177]

y'=ft)+eY(y.y,y" te). (10)

Here, Y (y,v',vy",t,¢) is a nonlinear scalar function analytic in the unknown y and its derivatives
y' and y” in a small neighborhood of the solution of the generating problem, continuous in ¢ on
the interval [0, 7] and continuous in a small parameter £ on the interval [0, so]. The generating
T -periodic problem

yo =Ff@),  y0)—y(T)=0, ¢ (0)—y(T)=0
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1 ¢ 0 —27 1
W) ) ()

Let us assume that the generating 7' -periodic problem is solvable. For this, the following equality

is fulfilled:
T
/ F(#)dt = 0.
0

If this requirement is fulfilled, then the solution of the generating problem has the form

is critical

yo(t,co) = co + g[f(s)](t), o € R,

where

is the Green’s operator of the generating 7"-periodic problem and

KLf()](8) = / (t— )f(s) ds
0

is the Green’s operator of the Cauchy problem. We will search the periodic solutions of the
Rayleigh type equation (10) in the neighborhood of the solution (¢, o) of the linear part of
this equation. Let us assume that the equation for the generating amplitudes in the case of a
T -periodic problem for a Rayleigh-type equation

T
FO(CO) = /Y(yO(ta CO))yé)(tv CO)a yg(t) CO)vt)O) dt =0
0

has a simple
By :=F'(c}) #0

real root ¢ € R!. To find a periodic solution of the Rayleigh type equation (10), we can
use the Adomian decomposition method [9—12]. The periodic solution of the Rayleigh-type
equation (10) in the critical case is given by

y(t,e) ==yo(t,cp) +ui(t,e) +... +up(te) +....

The nonlinear vector function Y (z,2’,t,¢) is analytical in terms of the unknown y and its
derivatives ¢ and 3" in the neighborhood of the solution of the generating problem, so in this
neighborhood there is a decomposition [9, p. 502]

Y(y(ta 6)7y/(ta €>at75) = AO (yO (t706)) + Al (yO (ta Ca)vul(tv‘g)ﬁg)
+ Ag(yo(t,CS),ul(t,aE),uQ(t,&S),E) + ...

+An(yg(t,c(’§),u1(t,e),...,un(t,s),s) +....
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In the small neighborhood of the generating solution z (%, ¢;) there is also a decomposition
Y (yo(t, cf) + z(t,e), yo (¢, k) + 2/ (t,€), yg (t, cf) + 2" (t,€), ¢, €)
=Y (yo(t. ) wo(t:cr), w6 (t. ) £,0) + A1 (t)x(t,€) + Aa(t)a' (2, €)

+ As(t)z” (t,e) + e Aa(t) + R(yo (¢, ¢f) + z(t,€), yy(t, cf) + ' (¢, ), t,€),

where
oY (y,y',y" t,e) oY (y, ',y t,€)
A, (t) := o y=yo(t,cy), A (t) = o' y=yo(t,c}),
Y y'=yp(t.cr), Y Y=y (t.ch),
v =y( (t,cr), y' =y (t,er),
e=0, e=0,
oY (y, ',y t,e) oY (y,y',y",t,¢€)
As(t) := o y=vyo(t,c), Ag(t) := 8:‘5 y=yo(t,c}),
Yy y'=yy(t,cr), y'=yq(t,cr),
v =yg (tcr), y"'=yg (t,cr),
e=0, e=0.

Denote the constant matrix
By =LK [Qll(s)Xr(s) + Ao (s) X (s) + ng(s)Xff(s)] (+).

In the case of a periodic problem for a Rayleigh-type equation (10), the requirement (6) takes the
form

By # 0,

while equation (7) is uniquely solvable. In the case of (6), as in the Theorem, the sequence of
approximations to the solution of a periodic problem for a Rayleigh-type equation (10) unsolved
with respect to the derivative in a small neighborhood of the solution of the generating problem
is determined by the iterative scheme

y1(t, ) := z0(t, c5) + i (t, ), ¢ = —Bytd,
uy(t,e) = Xy (t)eo + € G[Ao(yo(s, cy))](t), - ..,
Yrt1(t,e) := yo(t, CS) +ui(t,e) + ... +uks1(t, ), (11)

Yp+1(t,e) = Xp(t)cps1 + € G[Ak (yo (s, c:),ul(s, €), ..., up(s, 5))] (1),
e =—Bytdy, k=0,1,2,....

The interval of values of the small parameter ¢ € [0,¢0], 0 < e, < gg, for which the iterative
scheme (11) converges to the solution of the periodic problem for the Rayleigh-type equation (10)
unsolved with respect to the derivative, can be evaluated similarly to [1, 11, 15—17]. Thus, the
following statement is proved.

Corollary. For a periodic problem for a Rayleigh-type equation (10) unsolved with respect
to the derivative, there is a critical (Pg+ # 0) case. Suppose that the condition (4) of solvability
of the generating problem (3) is satisfied. Let us also assume that the equation (5) does not turn
into an identity and has real solutions. Then for each root ¢, € R of equation (5), under the
condition (6), the periodic problem for the Rayleigh-type equation (10) unsolved with respect to
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the derivative has a single analytical solution, which, for ¢ = 0, transforms into a generating
solution

yo(t, cg) = X (t)eg + glf (9)](2).
This solution can be determined, by using the iterative process (11). If there exists a constant
0 <~ <1, fore € [0,e*] such that the inequalities

lus(t. ) < Allwo(td)ll,  Nwerat )l < Aluw(te)ll, k=1.2,...,

hold, then the iterative scheme (11) converges to the solution of a periodic problem for a
Rayleigh-type equation (10) unsolved with respect to the derivative.

Let us apply the found conditions of solvability of the T'-periodic boundary-value problem
for the Rayleigh-type equation (10) unsolved with respect to the derivative to the 27-periodic
boundary-value problem for the equation that determines the satellite motion [2].

Example. The conditions of the proved corollary are satisfied in the case of a 27 -periodic
boundary-value problem for the equation that determines the motion of a satellite in an elliptical
orbit

y' =Y (y,9,9" te), (12)
where in particular
Y(y, v,y t, 5) :=4sint —siny + 29 sint — 3" cost.

The equation of the generating amplitudes in the case of a 7'-periodic boundary-value problem
for the Rayleigh-type equation (12) unsolved with respect to the derivative has simple

By =21 #0

real root ¢ = 0. Periodic solutions of the Rayleigh-type equation (12) unsolved with respect to
the derivative will be sought in the neighborhood of the solution yo(t,co) = 0 of the linear part
of this equation. The periodic problem for the first approximation equation is solvable due to the
equality Fy(cj) = 0. By using the iterative scheme (11), we obtain

y1(t,e) == yo(t, cf) +wi(t,e), ui(t,e) = c1 +eg[Ao(yo(s, ¢p))](t) = —4esint.

Here,
Ag (yo (t, cg)) =4 sint, c1 = 0.

In the second step, we obtain
ya(t,e) == yo (t, CE‘)) + ui(t,e) + ua(t, e),

where
us(t,€) = co + € g[A1(yo(s, cf), ui(s, €))](t) = €? (3cost — 4) sint,

in addition
A1 (yo(t, ), ui(t,e)) = 4e (1 — 3cost) sint, co = 0.

At the third step, we get
ys(t, ) == yo(t, cf) +wi(t,e) + ua(t,e) + us(t,e),
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where
3

us(t,e) = cs + e g[Aa(yo(s, cp), ui(s, €), ua(s,e))](t) = —% (96 sint — 45 sin 2t + 16 sin 3t),

in addition

As(yo(t, ), ur(t, ), us(t,e)) = &% (10 — 15 cost + 12 cos 2¢) sin t, c3 = 0.
At the fourth step, we have

ya(t,e) :==yo(t, ¢f) +ui(t, ) + ua(t,e) + us(t, e) + ua(t, e),

where

ua(t, ) = ca + € g[Az(yo(s, ¢p), ua(s, €), ua(s, €), uz(s, €))|(1)

4

= —% (3456 sint + 1917 sin 2¢ — 1040 sin 3¢ + 270sin 4¢), ¢y =0,

in addition
3

As (yg (t, cé),ul(t, e),uz(t, e), us(t, 5)) =——

13 (—82 + 333 cost — 260 cos 2t + 120 cos 3t) sin ¢.

For the approximations to the periodic solution, found by using the iterative scheme (11) of the
Rayleigh-type equation (12) unsolved with respect to the derivative for £y = 0,1, the inequalities
hold

[ur41(t,€)llcp,2n < Alluk(t,€)llcpzn, ¥~ 0119443 <1, k=1,2,3,

therefore, we can talk about the practical convergence of the iterative scheme (11) to a periodic
solution of the Rayleigh-type equation (12) unsolved with respect to the derivative. Since for
e € [0;0,75] the following inequalities hold:

Juk+1(t,€)llco2n < Vlluk(t, e)llcioen. 7~ 0895822 <1, k=1,2,3,

the interval of values of the small parameter ¢ € [0,¢¢], 0 < e, < g9, for which the convergence
of the iterative scheme (11) to the solution of the periodic problem for the Rayleigh-type equati-
on (10) is preserved, can be estimated as ¢ € [0, 0,75].

The accuracy of the approximations to the periodic solution of the Rayleigh-type equati-
ons (12), found by using the iterative scheme (11), is characterized by the residuals

Ag(e) == Hyk (t,e) — e Y (yp(t,e), yp(t,e),yp(t,e), t,e) H(C[OQ k=0,1,2,3,4.
In particular,
Ap(0,1) = 0,4, A1(0,1) ~ 0,0892 783, A2(0,1) ~ 0,0148 584,
A3(0,1) ~ 0,00201539,  A(0,1) ~ 0,000 613 871,
Ag(0,01) ~ 0,04,  A1(0,01) ~ 0,000897698,  As(0,01) & 0,0000 151 976,

A3(0,01) ~ 2,08 430 x 1077, A4(0,01) ~ 5,52 017 x 1077,
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We have obtained constructive necessary and sufficient conditions for solvability and a scheme
for constructing solutions of the nonlinear boundary-value problem (1), (2) unsolved with respect
to the derivative. An iterative scheme (8) was constructed to find a solution to this problem. In
difference from the results of [5], to find approximations to the solutions of a nonlinear boundary-
value problem unsolved with respect to the derivative, we use the Adomian decomposition method
rather than the method of simple iterations.

The effectiveness of the found conditions of solvability and the scheme for constructing
solutions of the nonlinear boundary-value problem (1), (2) is demonstrated on the example of
a periodic boundary-value problem for the equation (12), which determines the motion of a
satellite [2]. When constructing approximations to the periodic solution of the Rayleigh-type
equation (12), the exact fulfillment of the conditions of solvability is ensured at each step,
which guarantees the absence of age terms. By using the example of a periodic boundary-value
problem for equation (12), we demonstrate a scheme for estimating the length of the interval
of values of the small parameter ¢ € [0,5¢], 0 < e, < ¢g, for which the convergence of the
iterative scheme (11) is preserved. The obtained results continue the study of various nonlinear
boundary-value problems [1, 20].

The accuracy of the approximations to the solutions of the nonlinear boundary-value
problem (1), (2), obtained by using the iterative scheme (11), can be improved by using the
least squares method [21] and for matrix boundary-value problems [22 —24].
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