DOI: 10.3842/nosc.v27i2.1458
YIIK 517.958; 517.956.4

TAPABOJITYHI KPAVIOBI 3AIAYI MATEMATHYHOI GI3UKA
B KYCKOBO-OJHOPITHOMY KJINHOBUJIAHOMY
HUJIITHAPUTYIHO-KPYT'OBOMY IIIBITPOCTOPI

Annpiii I'pomuk

3akian Buinjoi ocBity “I1oguIbChKHE JEpKaBHUN YHIBEPCHTET
Byn. Illepyerka, 12, Kam’ garens-Iloninrcekmit, 32316, Ykpaira
e-mail: gapon74@gmail.com

IBan Koner

BotuHchkmii HallioHA/TbHHAN YHIBEPCUTET IMeHI Jlecl Y KpaiHkn
Byn. IloramoBa, 9, JIynpk, 43025, Ykpaina
e-mail: konet5 1 @ukr.net

Tersma ITnammoxk

Kanr grenp-11000mecoKUEl HalllOHAJIbHHE YHIBepCHTET IMeHI IBara OrieHka
ByJI. OrieHka, 61, Kam’ arenp-Ionitscekuii, 32300, YkpaiHa
e-mail: pylypyuk.tetiana@kpnu.edu.ua, BiAroBinabHA 3a TUCTYBaHHS

By using the method of classic integral and hybrid integral transforms together with the method of
main solutions (influence matrices and Green’s matrices), for the first time, we have constructed unique
exact analytical solutions of parabolic boundary-value problems of mathematical physics in a piecewise
homogeneous wedge-shaped cylindrical-circular half-space.

3a JOMOMOro MeTONY KJIACUYHHUX IHTeTpaJibHUX 1 TiOpMIHUX IHTEerpajJbHUX IIEPETBOPEHD Y MOEIHAHHI
3 METOIOM T'OJIOBHMX PO3B’SI3KiB (MaTpHIlh BIUIMBY Ta MaTpuib I piHa) BIepile NobynoBaHO €NWHI TOYHI
aHATITUYHI PO3B’SI3KM MapaboTiuyHUX KpaloBUX 3aJad MaTeMaTHMYHOI (Qi3MKKM B KYCKOBO-OTHOPITHOMY
KJIMHOBUIHOMY LMIIHIPUYHO-KPYTOBOMY IIiBIIPOCTODI.

1. Beryn. Teopig kpaitoBux 3amad mrd nudepeHIiaJbHIX PiBHIHD 13 YaCTUHHUMM TIOXiTHIMM,
30KpeMa piBHSIHb MaTeMaTUYHOI Pi3VKM, — BasKJIMBUI pO3ILI CydacHOI Teopii nudepeHIiaib-
HUX piBHSIHb, SIKA iIHTEHCUBHO PO3BUBAETHCS. AKTYaIbHICTh TeOPii 00YMOBIIEHO SIK 3HAUYIIICTIO
i1 pe3yJabTaTiB IJIs1 pO3BUTKY 6araThboX po3HijiB MaTeMaTUKH, TaK 1 YMCICHHUMU 3aCTOCYBaHHS-
MM i1 JOCSATHEHb IPHY JOCIIIKEeHHI pi3HOMaHITHUX MaTeMaTUYHUX MOJIeJIel pi3HUX IPoLeciB 1
gy GI3UKM, MeXaHIK!, XiMii, 6i0J10Tii, METUIIMHN, eKOHOMIKH, €KOJIOTii, TeXHIK!, HOBITHIX
TEXHOJIOTIH TOIIIO.

Baromi pesynabraté 3 Teopii 3amaui Kol Ta moyaTKoBO-KpailoBuxX (MilllaHMX) 3amad IIJjis
rmapaboyiYHUX piBHSHb 1 IXHIX CUCTEeM onep>KaHo B [1 — 6] 1 B palldx iHIINX BiZOMUX BITUN3HIHUX
1 3apyOisKHIX MaTeMaTHKIB.
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Ilob6pe BimOMO, 10 CKJIAOHICTh JOCIIIKYBAHUX KPaOBUX 3adady CYTTEBO 3aJeXXUTh SIK Bl
BJIACTUBOCTEM KOe(MilllEHTIB piBHSIHD (pi3HI BUIY BUPOMKEHOCTEM 1 0COOIMBOCTEM KOEDIIIIEHTIB),
TaK 1 BiJ TeOMETPUYHOI CTPYKTYpH 00acTi (TIagKicTh MeXi, HasIBHICTh KYTOBUX TOYOK, 0OMe-
JKEHICTb, HEOOMEXKEHICTh TOIIO), B SIKiil pO3IrIsgaaloTh 3amady. Ha cboromHi HOCHTH IdETaIbHO
BUBYEHO BJIACTUBOCTI PO3B’SI3KiB 1 pO3BUHYTO Pi3HOMAaHITHI METOIM MOOYIOBM PO3B’SI3KiB (TOU-
Hi Ta HabOJIMKeH1) KpalioBMX 3amad IS JIHIAHUX, KBa3UIIHIMHUX 1 HesIKUX HeJHIMHUX PiBHIHb
pI3HMX THIIB (eNTUYHUX, TTapaboaIdHIX, TimepOOIIYHNX) B OMHO3B I3HUX 00J1acTIX (OTHOPI-
IHUX CepeloBUINAXx), sIKi 00YMOBJIEHI 3raJaHMMU BUIIE BIACTUBOCTSIMHU KOE(DIIIIEHTIB PiBHSIHD
1 reoMeTpii 00;1acTi, Ta NOOYHOBaHO (YHKIIIOHAJILHI IPOCTOPHU KOPEKTHOCTI 3a1ad Yy pO3yMIHHI
Anamapa.

Bomnouac 6araTo BaxKJIMBUX IIPUKJIATHUX 3a1ad TEPMOMEXaHIKH, Terutodizuky, nnudysii, Te-
opii IpY>KHOCTI, TeOpii eIeKTPUIHUX KiJI, TeOpil KOIMBaHb, MEXaHIKI NeHOPMIBHOTO TBEPIOIO
TiJIa IPUBONATH IO KPailoBUX 1 MIIIaHUX 3amayd I JudepeHLiaJbHIX piBHIHD 13 YaCTUHHUMU
ITOX1THMMM Pi3HUX THIIIB He TLIBKI B OMHOPITHIX CepeIOBHUINAX, KO KOeDIIiEHTH PiBHSIHb € He-
riepepBHUMHU QYHKIISIMU, ajie i y HEOTHOPITHUX 1 KYCKOBO-OTHOPIIHUX CEPENOBUIIIAX, KOJIU KOe-
(dirieHTHN piBHSIHB € KYCKOBO-HeTepepBHUMI GYHKITISIMHI 91, 30KpeMa, KyCKOBO-CTaIuMHu [7 —9].

Bimomo, mo kpiM memody eidokpemaenus sminnux (Metomy Pyp’€) Ta oro ysaralbHeHb
OIIHMM 13 BaXKIMBUX 1 ePEKTUBHUX METOIIB BUBUEHHS JIHIMHINX KpalfOBUX 1 MIIlIaHWX 3amad JJIsT
nudepeHiaJbHIX PIBHSIHD 13 YAaCTUHHMMMY HOXITHUMY B OMTHOPIIHUX CEPENOBUILAX € MenO00 iH-
mezpanvbHUX nepemeopers, IKAi a€ 3MOTy IToOyIyBaTH B aHAJIITHYHOMY BUTJISIII TOYHI PO3B’ I3KH
PO3IJISIHYTUX KpalloBUX 3a/1ad 3ajay 3a JOIIOMOTIO0 IXHIiX iHTerpajJbHUX 300pakeHb.

[Ipu npoMy 1JISI JOCHUTH IMPOKOTO KJacy JIHIMHNX KpalioBUX 3a1a4 Yy KYCKOBO-OTHOPITHIX
cepenoBuilax eeKTUBHAM METOIOM NOOYIOBU iXHIX PO3B’SI3KIB BUSIBUBCS Memo0 2lOpuoHUX iH-
mezpanvHuxX nepemeopers, IOPOIXKEHUX BiAMOBITHUMU Ti6puaIHIMHA qudepeHIiaTbHIMA Oomepa-
TOpaMMU, KOJIM Ha KOXKHI KOMITOHEHTI 3B’ I3HOCTI KYCKOBO-OITHOPIJHOTO CepeNOBUILA PO3LIISIIATH
abo pi3HI TudepeHLiaIbHI ortepaTopu, ab6o nudepeHIiaabHI OIIepaTOPH TOrO XK CAMOTO BUTJISLY,
aje 3 pisHIMH Habopamu KoedimienTis [10—15].

Y 11i#1 cTaTTi, IKa € JOTIYHUM MPOIOBKEeHHIM [16], 3a TOIIOMOTOI0 METOLY KJIACUYHUX 1HTe-
rpajbHEX 1 riOpUIHMX IHTEr paIbHIUX IIEPEeTBOPEHD Y IIOETHAHHI 3 Memodom 20408HUX PO36 A3Ki6
(MaTpuIb BIUIMBY 1 MaTpuilb I'piHa) BIepiie MoOYIOBaHO €IMHI TOYHI aHAJITWYHI PO3B’SI3KU
MapaboIiYHIX ITOYaTKOBO-KPaioBUX 3aa4 MaTeMaTHIHOI (Pi3UKU B KyCKOBO-OTHOPITHOMY KIIH-
HOBUIHOMY IIMJIIHAPUYIHO-KPYTOBOMY IiBIIPOCTOPI.

2. ITocTranoBka 3agaui. PosristHeMo 3agady moo6ymoBu oOMeXXKeHOIo Ha MHOXKIHI

n+1
D={ (b 10 re I = (R Ry): Ro=0;
j=1

Rpq1=400; ¢ € (0;90); 0 < o <2m; z € (0;+00)

KJIACUYHOTO PO3B’SI3KY JIHIMHUX IrdepeHIIiaJbHIX PIBHIHD i3 YJaCTMHHUMM MOX1THUMM T1apa-
001iYHOTO THILY 2-TO TTOpSaKYy [17]

0?2 1a> al; 9>, O

an 2 2
+r7287§02+a3j@ uj—}—XjUj:fj(t,’l“,QO,Z), (1)

o arj<87“2+r6r
rel;, j=Tn+l,
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3 [I0OYaTKOBMMU yMOBaMM

uj(t7r79072)’t:0:gj(,n@?z)? TGI]‘, ]:17n+17 (2)

MEKOBMMH YMOBaMU

0 o%u;
—— +h|u; = wi(t,r, ), J =0, s=0,1 j=1, 1, 3
( Oz + )uj 0 w]( r (10) 925 oo S J n+ ( )
0* 0*
S =, _ntl =0, s=0,1, @)
or r=0 or r=-+o00
OIHMMM 3 MEKOBUX YMOB Ha I'paHsIX KJnHa [15]
uj’gp:o = glj(t7rv Z)v uj‘gp:(po = wlj(tv'ra Z)a .] =1,n+ 1) (5)
8Uj .
uj|<p:0 = QQj(t,T‘, Z)7 87 = —QUQj(t,T‘, 2)7 J = 17” + 17 (6)
P lo=¢0
Qusl gt o = ws(t i =Tn+1 7
%(pzo_g:ﬁ(?r?'z)? UJ|¢:W0—U}3J(,7“,Z), J= an+ ) ( )
ou; ou;
e} = gu4j(t, 7, 2), 2 = —wy;(t, 7, 2), j=1n+1, ®)
Op =0 O p=0
Ta yMOBaMU crpspKeHHs [12]
p 0 k p 0 k .
04]'15“‘5]'1 U — aj25+5j2 Ukt1 =0, 7=12, k=1n, )]
r=Ry

€ arj, Agpj, Azjs Xjs N, o, Bjs — HesKl cTai;

cjk = ab; By — a5 #£0,  cip - cop >0,
f(t,?“, ®, Z) = (fl(ta r, v, Z)a f2(t7’ra 2 Z)a (RN fTL-‘rl(ta r, v, Z))a

g(?", 2 Z) = (91(7“7307'2)792(7‘7 ¥y %),

~—

. agnJrl(ra @, Z))a

~—

’U)(t,’r‘, 90) = (wl(tvr’ (p),wg(t, T®)ye-os wn+1(t,r, CP))’

gpj(t,r,2), wpi(t,r,z), p=14, j=1n+1,
— 3aJaHi OiiicHI 0OMesKeHi HellepepBHi PYHKIIIT;

u(t’ r, v, Z) = (ul (ta e, Z)7 U2 (t7 e, Z)v <oy Un4l (t’ T ¢, Z))

— IIyKaHa JificHa HerepepBHO qudepeHIiiioBHa 3a 3MIHHOIO ¢ 1 JBiYi HelepepBHO OudepeHIi-
1i0OBHA 32 TEOMETPUYHUMU 3MIHHUMU (T, ¢, z) OYHKIIIS.

3ayBaxkumo, 1I0:

1) yBumazgky x; =0, j = I,n+ 1, piBHstHHS (1) € KJIACHYHIM TPUBUMIPHIM HEOTHOPIN-
HHMM DPIBHSHHSIM TeIIONPOBITHOCTI (mudy3ii) IS OpTOTPOIIHOTO CEPENOBHINA Y IIMIIHIPUIHIN
CUCTeMi KOOpIHHAT;
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2) skwo of; = 0, By =1, ofy = 0, By = 1, af; = N, By = 0, af, = A5, B, =0,
e )\’f, A’; — KOeDIIIEHTH TEIJIONPOBIIHOCTI, TO YMOBHU cpsKeHHs (9) 30iraloThCsl 3 yMOBaMu
1IeaJIbHOTO TETIJIOBOTO (TEPMIYHOTO) KOHTAKTY;

3) sKio alfl = by, 5%1 =1, a]fQ =0, /8f2 =1, O/le = Alf? 651 =0, O‘11262 = >‘12€’ /852 =0, ne
by, — KoedIiEHTH TepMOOIIOpPY, TO YMOBHU CHpsKeHHS (9) 30iraroThCs 3 yMOBaMM HeineaIbHOTO
TEIUIOBOTO KOHTAKTY.

Otxe, y 3a3HaueHuX pumankax 1, 2 (abo 1, 3) po3risHyTI mapa0ojiuHi KpaiioBi 3amadi
MaTeMaTU4HOI (Qi3MKU MOIETIOIOTh IIPOIIECH TEILIONPOBITHOCTI B KYCKOBO-OTHOPITHOMY KJIMHO-
BUIHOMY MWIHIPUIHO-KPYTOBOMY miBIIpocTopi [13].

3. OcHoBHa yacTuHa. [IpumycTMO, 110 pO3B’SI3KM MapabOoIiYHIX ITOYaTKOBO-KPaiioBUX 3a-
naq (1)=(4), (5), 9); (1)=(4), (6), 9); (1H=(4), (1), 9); (1)=(4), (8), (9) icHyrOTb, 3a02Hi i
IIyKaHi (YHKIII 3aJ0BOJBHSIOTH YMOBU 3aCTOCOBHOCTI 3aJly4eHUX Oali IPIMHUX i 00epHEHUX
IHTErpaJbHUX 1 TIOPUIHUX IHTETpaIbHUX IepeTBOpeHs [12, 14, 15].

3rinHo 3 [15] BU3HauMMo cKiHYeHHi npsMe Fy, ;i 1 06epHeHe Fy;lik IHTerpaJIbHI IIepeTBOPEH-
Hs Pyp’e 1010 KyTOBOI 3MiHHOI (» 3a hopMyTamMu

®0
Enidlf () = [ £)Unin(0)do = fini (10)
0
Ftlfmitl = — 2 & fo iU () = £(9). (11
¥0 m=0
e
Unai(p) =sin(Bm119), Bmi1 = @’
®o
Unm2(p) = sin(Bm,12¢), Bm,i2 = W(Q;n—i_l),
®o

Um21(¢) = cos(Bm219);  Bm,21 = Bm,12,

Um,22(9) = cos(Bm,22¢0)s  Bm,22 = Bm,11,

. A , 1
el =0, ek =1 mpm ik = 11,12,21, m = 1,2,3,..., €22 = 3 22 =1mpum=1,2,3,....

Besmnocepenano mepeBipsieMo, 110 TS iIHTETPaJTBHOTO oIlepaTopa F}, ik, BAKOHYETBCSI TOTOX-
HICTb

d*f 9 .
Fm,ik d§02 = - m,ik;fm,ik + ®m,zk‘(f)a 1, k= ]-7 27 (12)
ne
™ m(2m + 1) df
q)m - 0 + -1 mtl ) (I)m = 0 " ’
0= T O )], =" 0 e ]
d 2m +1 d d
(I)m,21 — _di + (_1)m 7T(m7> f(@0)7 @m722 — _l + (_1)771 i .
¥ lo=0 2¢0 de|,—o AP | p=gy
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Inrerpanbuuii onepartop F, 1, 9kuil gie 3a ¢popmynoro (10), BHacaimok ToToxHOCTI (12)
CTaBUTh Y BIIOIMOBIIHICTL TPUBUMIpHMM KpaiioBuM 3amadaMm (1)—(4), (5), (9); (1)-(4), (6),
9); (=@, (1), (9); (1)=(4), (8), (9) 3amauy moOymoBM OOMEXKEHOro Ha MHOXWHI D/ =
{(t,r,2) |t >0; r € I}; 2 € (0;+00)} KITaCMIHOTO PO3B’A3KY TBOBUMipHHX Au(epeHIiaTbHIX

PIBHSIHB MapaboIiYHOTO THITY 2-TO HOPSIIKY

Ojmar | 2 (0 10 View) o 0 )
g;” - [arj<ar2+rar_ j;an ta5s Ujm, ik + XjUjm,ik = Gjmik(t, 7, 2), (13)

rel;, j=1n+1,

3 [TIOYaTKOBMMU yMOBaMU

ujm,ik(taT) Z)|t:0 = gjm,ik(rv Z)7 T e Ija ] = 17” + ]-a (14)

ME2KOBMMU YMOBaMU

0 85u’m ik .
—+h>u-m,ik = Wjm,ik(t,7), jis =0, s=0,1 j=1Ln+1, (15
< 9z ’ z=0 ’ 0z z=+00
0* m.i 0° n m,i
9 Uim,ik -0, 9 Unt1,m,ik =0, s=0,1, (16)
ors |, ors =00

1 YMOBaMM CIIPSDKEHHS

0 0
|:<O‘§‘)1 E + Bfl) Upm,ik — (OZ?Q 5 + ﬁ?Q) up+1,m,ik:|

:07 j:1727 p:17n7 (17)
r=Rp

e
Gjm,ik (tv r, Z) = f]m,zk (tv T, Z) + a?gjri2(pm,’ik (t7 T, 2)7
Vim,ik = a;jlagajﬁm,ik-

Ilo mBoBMMipHOI KpaiioBoi 3amadi (13)—(17) 3acTocyeMo iHTerpaibHe nepeTBopeHHsT Dyp’e
Ha IleKapToBiit miBoci (0; +00) mono 3MiHHOL z [14]:

+oo

o) = [ 9K (s o) dz = ), (18)
0
+o0o

(o) = [ 30K (=00 dor = 9(2), (19)
0

2

F [Zz];] = —02§(O') + K(0,0) (—Zlii + hg) z:O, (20)

Ile IIpO TTePEeTBOPEHHST Ma€ BUTIISL,

|2 ocos(oz) + hsin(oz)
K(z,0) = \/; N .
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IurerpanwHuit onepatop F, skuii nie 3a popmynoto (18), BHacmimok ToroxHocTi (20) cra-
BHUTb Y BiIITOBITHICTh ITOYaTKOBO-KpaiioBiii 3amayi (13)—(17) 3amauy mobynoBu oOMesKeHOro Ha
MHOXUHI D" = {(t, r)|t>0;relf } KJIACMIHOTO PO3B’ 13Ky OTHOBUMIipHUX HudepeHIlialb-
HMX PIBHSHB B -Mapa0oIiyHOTo TUITY 2-TO TMOPSAKY

Ojmik

ot aZ;By,, wllijmik,s] + (0250 4 X5 ) Wjm,ik = Pimr(t,7,0), (21)

rel;, j=Tn+1,

3 [IOYaTKOBMMHM yMOBaMM

ﬂjm,ik(t7 r, O-)’tzg - gjm,ik(Ta U)a T e I]) .] - 17 n+ 17 (22)
MEXKOBUMHU YMOBaMu
Ui o0°u ;
ikl =, ik =0, s=0,1, (23)
or r=0 or =00

Ta YMOBaAMU CIIPAKCHHA
0 . 0 N
|:<Oé§1 g + Bf1> Upm,ik — (Oéé)Q E + ﬁ§)2> up+17m77;k:|

ne B =4 2 mik yracuunmit mndepeHmiaapHMil onepatop beccens [5],

=0, j=12, p=1n, (24
r=R,

ij,ik(t, r,o) = éjm,ik(ta o)+ azjK(Oa O)Wjm,ik(t, 7).

o omHOBHMMIipHOI 3a1a4i crpsokeHH (21) — (24) 3acTocyemo ribpuaHe iHTerpajbHe IIepeTBo-
pernst Tuy Dyp’e—Beccenst Ha NossipHii oci I 3 n TOYKAMU CTHPSDKEHHSI OO0 PaliaibHOi
3MiHHOI 7 [12]:

—+00

Hoolf () = [ 100V No(r) dr = F3), 25)
0
+oo
3 [F)] = [ Fovievew i = o), (26)
0
~ n+1 Ry,
H [Bim,in) [F (1)) = =X F () = > 7 / f(r)Vi(r, A)oyr dr, (27)
k=1

= Ry

Ry=0, Ru41=-+00.

Y dopmynax (25) — (27) BuKopucTaHo ciekTpaiabHy dyHKII0 V (7, \), BaroBy GyHKIIi0 o (1),
CIEeKTpasIbHy LIUBHICTE 2(A) 1 ribpunumii nudepeHmianpHmii oneparop beccens, omepxkaHi
B [12]:

n
B(m,zk) = Z a’?@(r - ijl)@(R] - T)Bij,ik + a”lz’L—l-le(T - Rn)BVnJrl,m,ik’
7=1

2

ne ©(z) — onuHnyHa QyHKUis [esicaiina, aj = aZj7 v2 — mesiki crai.
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ammiemo nudepenitianabHi piBHSIHHS (21) i moyaTkoBi yMoBH (22) y MaTpUuHii dhopmi

' (gt_a%Bylm,ik+q%<a))a1m,ik(t,r,a> [ B altro)
(5~ BB+ @ Jiznantero) | _ | Prmattro) |
<gt —ap 1B,y qT2L+1(U)> Tpt1,m,ik(t, 7, 0) Frcctmaltor.o).
[ Uim,ik(t, 7, 0) i I Gim,ik (T, 0) |
o, ik (2,7, 0) _ | Bemalrio) | (29)
g 1,mik(tm0) | |y Lns1min(r0)]

e qu = azjaz +X?, ij=1n+1
InTerpanbHuii oneparop H,), sKuii Iie 3a ¢popmyinoro (25), 306pa3rMo Y BUTJISIIL OIlepaTop-
HOT MaTpUIli-psIaKa

Ry Ro
Hpyl---] = /...Vl(r’,\)glrdr /...1/2(7«7 N)oor dr
0 Ry
Ry +o00
/ o Vo(ry N)oprdr / o Vo1 (ry N)opyirdr (30)
Rn—1 Ry

13aCTOCYEMO 3a IIpaBIJIOM MHOXXEHHS MaTPHUIIb 00 3amadi (28), (29). BHacmimok TotoxHOCTI (27)
omep:kyeMo 3agauy Ko misg 3smyaiinnx qudepeHiaaIbHuX piBHSIHD 1-TO MOPSIIKY

n+1 1
Z <CZ + M+ + qf(a))&jm,ik(t, o) = Z Jgjm,ik(t, A\ o), (31)
j=1 o
ntl n+1
Zf‘jm,ik(t7 A o) = Zéjm,ik()\, o), (32)
=t =0 JI=1
ne
Ry
Ujm ik (t, A, 0) = / Ujm,ik(t,r, 0)Vi(r,Nojrdr, j=1,n+1,
Ri_:
R;
léjm,ik(ta Ao) = / fjjm,z’k(tﬂ“, o)Vi(r,\ojrdr, j=1,n+1,
R
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R;

§jm,ik(/\,a) = / Gjm,ik(r,o)Vi(r,N)ojrdr, j=1,n+1.
Rj—l

IIpunyctuMo, He 3MEHIIYIOYM 3arajbHOCTI PO3B’SI3KY 3amadyi, 110 max{q%(a),q%(o), -
qh11(0)} = qi(0) imoxnanemo etomn ; = gi(0) —¢;(0), j = 1,n + 1. 3anaua Kouri (31), (32)
HaOyBa€ BUTJISILY

dam ik x =

dt’ + AN, 0) U ik = Prik(t, A, 0), (33)
am,ik(tv )‘>O-)}t:0 = ém,ik(Av U)a (34)
e
n+1 n+1
umzkt)\a Zu]m,kt)\cr Pmlkt)\cr Z im.ik (t, A, o),
n+1
gm zk )\ U Zgjm ik )‘ U A()\,O’) = )‘2 + agloj + X%'

Be3nocepenHbo mepeBipsiEMo, 110 €TMHUM po3B’ sa3koM 3anadi Ko (33), (34) € dyHKIis
ﬁm,ik(tv A o) = N(t, A, O')L(:]m’ik(A, o)+ / N(t—T1, A, O’)f:)mvik(T, A, 0)dr, (35)

ne po3B’s3yBanbHa dyHKUis (GyHKIis Komri) mae Burnsan N (t, A, 0) = exp(—A(X, o)t).

OCKLTBKY CYIePIIO3ULList oriepatopis H,) 1 H (; % € ONMHWYHUM oriepaTopoM (H ) o H (:L % =
H (; % oHyy =1 ), To onepartop H (71 % gaK obepHeHMit no omepatopa (30) 306pa3zsuMo y BUTISOI
OIepaTOPHOI MaTPHIIi-CTOBIIIISI

+oo
/ VA, VOO
0

+00
HA[ ] = /0 - Va(r, NQ(A)dA 36)

1 3aCTOCYEMO 3a IIPaBJIOM MHOXKEHHS MaTPHIIb IO MaTpHIIi-eJIeMeHTa [ﬁmik(t, A, 0)], ne dyHK-
Wisl Uy, i (t, A, 0) BU3Ha4YeHa 3a dopmysoto (35). OnepXuMo €IMHUIA PO3B’SI30K OTHOBUMIpHOT
mapaboJIiyHOI MTOYaTKOBO-KpalioBoi 3amadi crpsskeHHs (21) —(24):

(b7, 0) = / N A )i Oy )V (1, NJQ(A) N

t +oo

+//N(t—T,)\,O')ﬁmﬂ'k(ﬂ)\,O‘)V}(T,)\)Q()\)d)\d’r, ji=1Ln+1. (37)
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3acTocoByoun HOCJIi,I[OBHO 10 GYHKUIA Ujp, i (t, 7, 0), BU3HaUeHUX Ppopmynamu (37), obep-

HEHI oIlepaTopu F; Ta Fm i1.» 1 BUKOHYIOYM HECKJIa[[HI TIEPETBOPEHHS, ONePKYeMO DYHKLIT

nt1 t Bp wo+oo
wjik(t, 7,0, 2) = / / / E}g(t 7,7, 0,0, &, 2,8) fp (T, p, o, §)opp dE dovdp dr
P=10 R, 1 0 0

R
n+1 p 0 +00
w3 [ ] [ Ebtreas000.0.00,0ds dadp
0

n+1
>, [ [ [ Qb0 ddpir

n+1 t RP ¥»o

+Zazp/ / /WZk(t—T T, PP, 0 2)Wy(T, p,a)oppdacdpdr,  (38)
p=1 0 Ry_q 0

J=1n+1,

SIKi BU3HAYAIOTh €IVHI PO3B’ 13K I1apaboliYHNX IT0YaTKOBO-KpaiioBux 3amad (1) —(4), (5), (9);
(1) =(4), (6), 9); (1)=(4), (7), (9); (1)=(4), (8), (9) npu BimmoBinHMX 3HaYeHHsX ik (11), (12),
(21), (22).

Y dopmynax (38) 3acTOCOBAHO KOMITOHEHTH

o

; 2
Bt rp,0,002,6) = = 3 G (67 012, U k() Unin()
m=0

MaTpulli BImBy (PyHKIOii BIUuBY), dyHKIii I'piHa

[e.9]

; 2
Q;‘I;)(t77-> TP, 907275) = Z :-EK;; zk(t -7, pazaf)q)mﬂk(T?paf)Um,ik(So)

®o =

1 KOMITOHEHTU
ng(t’ TP, e, Z) = E]Zf;(ta TP, P, Ay 2, 0)

arikatHoi MaTpuui I'piHa (arutikaTHi GyHKLii ['piHa) BiOMOBIIHUX MOYAaTKOBO-KPaiioBUX 3a1a4
CIIPSDKEHHS, TIe

—+00 +00

Kt p,2,6) = / /Nt X, 0)V;(r, NVi(p, N K (2,0) K (€,0)Q(N) dAdo.

0

IIpoananizyemo dpopmynn (38) 3a11e3KHO Bill TUITY MEKOBHMX YMOB Ha IT'paHSIX KyCKOBO-OTHOPII-
HOT'O KJIMHOBUIHOTO HWIIHIPUYHO-KPYTOBOIO MiBIpocTopy. Po3risiHeMo, HalpyKIIam, BUMNAag0K
MexxoBux yMoB (5) (ymoBu Hipixie). ¥ mboMy Bumanky ¢yHKIii I'piHa MarOTh BUTJISI
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o0

it T 0, 2,6) = Z KDt —7,r,p,2,0)

m=

[91p<7 P, &) + (= )m+lw1p(7, 0, §)] sin

me

SIK1I10 BU3HAYMTH TaHTeHITiaabHI GyHKIIT ['pirna

11 . TmY
ijl(tTTng,Zé 7%2 Km T7T7p727§)81n ©0 )

2
W]p Q(t T 0595 % ‘S) SOTF Z(_l)m—i_lmK}z’ll(t -7, p7z7€) sin 7::;()07
0 m=1

TO po3B’s130K 3amadi (1) —(4), (5), (9) MoxkeMO 3amrcaTi y BUTJISIIL
n+1
wntre2) =3 [ [ [ [ Ebe-rrpeas0heaopddadpds
pi

nt1 Bp w0 +oo
+Z / //E};(t,r,p,(p,a,z,f)gp(p,oc,f)appdfdadp

n+1 Bp 400

+Z%p/// W1 (67,7, 0, 2,€) g1 (T, 9, €)
0 Ryp_1

+ Wia(t, 7., p, 0,2, Wiy (7, p,8)|opp™ ' dE dpdr

n+1 t RP ¥Yo
+>a, [ [ Wit nrpeasupaopdadods. 39)
= 0 Ry_1 O
j=1n+1.

3 BUKOPUCTAHHIM BJIACTMBOCTEN (DYHKIIIN BITNBY E};(t, T, p, 0, 2, &) 1 dyakuiin ['pina
lepls(t,T, P, 0, 2,8), s =1,2, lepl (t,r, p,p,a,z) Ge3rocepeqHbO MepeBipsiEMO, 0 GYHKIIT
uj11(t, 7, @, z), BU3Ha4YeHi dopmynamu (39), 3a10BONbHAIOTE piBHAHHA (1), moyaTKOBI yMOBH (2),
MexkoBi ymoBH (3) —(5) Ta yMoBHu crpskeHHs (9) y ceHci Teopii y3araabHeHUX GYHKITIMN.

€nuHicTh po3B’s3Ky (39) BUIIMBAE i3 #Oro CTpyKTypu (IHTErpaJibHOIO 300pakeHHs) Ta
€IMHOCTI TOJIOBHUX PO3B’SI3KiB (QyHKIIIN BIDIMBY 1 PyHKMii ['piHa) mapaboridyHoi To9aTKOBO-
KpaiioBoi 3amaui crpsokeHHd (1) —(4), (5), (9).

MoxxHa moBecTH, 110 IIPHY BiOIIOBiTHMX YMOBaX Ha BUXimHI maHi ¢popmynn (39) BU3HAYAOThH
0o0MesKeHMIA KJIaCHYHUI PO3B’ 130K PO3TJISHYTOI 3a1avi.

[limcyMKOM BHMKJIaIl€HOTO BUIIE € TaKa TeopemMa.

Teopema. Axuio pynruii fi(t,r, ¢, 2), gi(r,¢,z), wi(t,r,¢), gi;(t,r,2), wi;(t,r,z2), j =
1,n + 1, 3adosoabHsAOMb YMOBU.!
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1) wHenepepeno dughepenuyitiosni 3a sminnoro t i 061ui HenepepeHo OupepeHyitiosH 3a 2eomempuy-
HUMU SMIHHUMU,

2) marombs obmedcery eapiayiro 3a 2eoMempu4HUMU SMIHHUMU,

3) abcoaromno cymoeni 3a sminHow z Ha nisoci (0; +00);

4) abconromuo cymosHi 3 6azoeoro ynkyieto ro(r) 3a sminnow r Ha oci I,

5) cnpasodxicyomv ymosu CnpsdiceHHs,
mo napaboniuna nowamrogo-kpatiosa sadaua (1)—(4), (5), (9) mae eOunuti obmexceruli KaacuHui
D036’ 30K, eusHauenuli 3a gpopmyasamu (39).

Bumankm mexxoBux yMoB (6) — (8) Ha rpaHsX KJIMHAa MOXKHA IIpoaHajli3yBaTH aHAJIOTIUHO.

3aysaxcenna. 1. Y BUNAIKY a,; = ap = ap; = a; > 0 ¢dopmynu (38) BU3HAYAIOTH
CTPYKTYPH PO3B’SI3KiB PO3IJISHYTHX 3a0a4 B i30TPOIHOMY KYCKOBO-OTHOPiTHOMY KJIMHOBUTHOMY
HWITHIPUYHO-KPYTOBOMY ITiBIIPOCTOPI.

2. Bunmamok 3MiHM ¢ y MeXax @1 < ¢ < 9 MOXHA 3BECTH JO PO3MJISTHYTOTO 3aMiHOIO
@' =9 =1, po=p2— 1.

3. IlapameTp h mossoiuse BumiisaTu 3 GopMyn (38) po3B’sI3KM KpalioBHMX 3a1ad y BUMNagKax
3aJaHHs Ha IDIOIIMHI 2z = 0 MeXXOBHMX YMOB 1-ro pony h — +oo Ta 2-ro pony h — 0.

4. Anani3 posp’sskiB (38) 3ajexHO Bil aHadiTWU4YHOro BUpasy OyHKUIA f;(t,r, ¢, 2),
9i(r, 0, 2), wi(t,r,@), gpi(t,r,2), wpi(t,r,2), p=1,4, j = 1,n+ 1, npoonutbes 6esnoce-
PemHbO i3 3araJbHUX CTPYKTYDP.

4. BucHoBkH. MeTomoM iHTeTrpaJibHUX 1 FiOpUIHUX iHTErpaJIbHUX EPETBOPEHD y MOE€IHAHHI
3 METOIOM T'OJIOBHUX PO3B’ s13KiB ((bYHKITIH BIUIMBY Ta ¢yHKIIiM I'piHa) BIIepIile moOyooBaHO €I1HI
TOYHI aHAJITUYHI PO3B’SI3KY MapaboIiYHIX KPaloBUX 3allad Y KyCKOBO-OIHOP1THOMY KJIMHOBUI-
HOMY IWTIHIPUIHO-KPYyTOBOMY MiBIIpocTopi. OnepsKaHi iHTeTpaabHi 300pakeHHs po3B’ I3KiB HO-
CATh aJITOPUTMIUHMI XapaKTep, HellepepBHO 3aJIeXKaTh Bijl MapaMeTpiB 1 JaHKWX 3aJaui Ta MOXYTh
OyTH BUKOPHMCTAHI SIK Y TEOPETUIHNX TOCITIIKeHHIX, TaK 1 B IPaKTHIIl iHKeHEpHIX PO3paxXyHKIB
MaTeMaTUYHUX MOJeJieil eBOIIOLIMHNX IPOLECiB Y KYCKOBO-OMHOPITHUX CePelOBUINAX, OIMMUCY-
BaHUX HWIIHIPUIHOIO CUCTEMOIO KOOpAMHAT.

Bin iMeHi Bcix aBTOpiB BIiOMOBiNAJIbHA 3a JUCTYBAaHHS 3asBJISIE IIPO BiACYTHICTb KOH(IIKTY
IHTepeciB. Yci HeoOXimHI MaHi MICTIThCS B CTaTTi. Bei aBTOpHM 3p0o0mim piBHOMIipHUM BHECOK Y
1110 po6OTY, a TAKOXK 3asIBJISIOTH IIPO BIICYTHICTH CIEIiaaIbHOrO iHAaHCYBAHHS U1 il BUKOHAHHS.
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